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FORE JORD 


is aerhojiu for thu first tuio that the Department of 
Education in. Science one. Kathematios, KCERT^ has developed teachers 1 
training materials j mainly m th thrust areas of pins two mathematics 
for the b outfit of the teacher-educators,, After the publication of 
the tojtboo-ks of mathematics on the basis of the new curriculum pre¬ 
pared -on the philosophy' of the National Poii$y on Education, ^SS 1 it 
hoe been felt that extensive training should be given to the teachers 
moat of whom arc not familiar with the nev7 topics and conc.-p fcs introcincod 
m plus two mathematics. ,Jith this objective ip view, the training 
materials have been devt^qped particularly m the new tonics m a 
workshop held in Gaifutta m September murder to facilitate 

the teacher-educators. 


'Hus is only th^ first draft of the training materials -which 
were developed. in the 'workshop gn %ho basis of a sample paper on a 
particular topic! prepared by Prgf, S.Q* Das of the Department, who 
j.s the Coordinator of the "programme* Those draft materials will se 

exposed to the teacher-educators who will be trained later by the 
faculty .."rabors. After reviewing the materials thoroughly on the 
basis of suggestions from the experts, the materials will be revised 
auu printed. 

I aju thankful to all th cuthors who developed different 
topics on this draft and li^y colleagues, Prof. S#H* Das axui Dr. Hokum 
Singh who took active part m the discussion of various topics m 
the '.ra rkshop* 

Suggestions from the readers for further improvement of this 
draft will be highly appreciated. 
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THEQBX OF ' AMI; KEHIirj h 


1 n Mo tiv atio n of th e /topic : 

/e are all familiar with, the literal meaning of the terms "maximum" 
and "minimum", de say that the maximum mark m in at he iati cs .^obtained "by 
the students of a school X is 100* tfe also nay th^b the‘ l mihirnum^teper&ture 

of Srinagar m winter goes "below 0°C„ It will he explained later on that 

> 

/e distinguish different kinds of maxima and minima in mathematics„ Amsum- 
mg for the time being the literal meaning of "maximum" and "minimum" as 
used m the shove two examples, we;-may come across J ,ith some daily life 
prohLemr- involving "maximum" or "mini/muri", for the solution of which the 
elementary mathematicc taught upto cl}CI may not do adequate. :!b have 

to take help of the theory of maxima and mini ia jhich involves caL cuius to 
colve such problems. 


Eor example, suppose tha'k we want to make a AOctangular "box of 



ana breadth are 'a* m and 1 b’ m respectively by outtin off four equal 

i 

squares fro,a its four corners and by folding the remaining portions 
which were attached 71th these four squares. The question is ; that /ill 
be the side of each of such square so that the volume is maximum *' Jith- 
out going into the oetanls of mathematics, if we apply our cotrimon sense 
we may be tempted to say that if the wastage of^fen sheet ir. minimum, 
then the capacity of the box may be maximum and l,o the shorter will be 
sidegof the squares cut off, the bigger will be the volume of the box. 
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ir Jff. 

Bit ■* little thought, it will be clear that this conclusion may 

i tvfj 

not be true, for the shorter n the side of ' - rcjuares cub off, 
the shorter will be the depth of the box although the area of the 
base of the box villi be larger, Cn the other hand, if the sides 
of the squares cut off are larger end larger, the height of the box 
'Jill be larger and larger but the area of the base of the box nil 

be smaller and smaller and hence in any of these two cases the volume 
of the box may not be maximum. 

If we now want to solve this problem by using elementary 
mathematics (pre-aalcuius), we may perhaps fall to solve it. It 
is only through the theory of maximum and minimum in Calculus that 
we can solve such problems, 

Je thus observe that there are many daily-life problems where 
the theory of maximum and minimum has to be applied for their 
solution^. 


jjrigf^ outline o f the cont e nt J 

In order to find the local maximum or local nunii.ium vduo of 
a funotion f (x), we find the derivative of f (x), if it exists, Je 
then apply the necessaiy condition for local maximum and local minimum 
i,e„ we equate (x) to zero for local' maximum or local minimum and 
solve for x, bet x g 'be the solution of this equation, Ohon 
X = \ 18 tlle point Qf “aanraxm if (;^ o or minimum if f^(^) \ 

Similarly, we test the other point x * x £ for maxitmim or minimum, 

Ihe maximum or minimum value of f(x) will thus be f(^) 01 f( x J 0 
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E 3 g 3 lana.t 3 .on of techafeel/mat hema t i gal, tea ? not 
pro pert y explai ned in. the text booka 

By "maximum" ©nd "mihiuTUm" in calculus^ .re generally mean 
"local maximum" and "local minimum" whieh are defined &s follows: 


point on the graph such that 
f (&)\ both f (a~h) and f (an-h) 
for sufficiently small 4 -ve Valuer 
of h 0 Then x = a is called a 
point of local maximum and f (a) i 



t t 




q t'i - • C-~ 

a local maximum value of the function* 




yc 


Let x = c he a point on the graph shell that f (o) hoth 
f (o*h) and f (ct-h) for sufficiently'small +ve values of h. Then 
i = c i._* ^ point of l»cat minimum, and f (e) is called a local minimum 
value of the function. The points of ^geal .najnmum and local minimum 
are also called the points of cxtrem^vyyl and the maociwum or minimum 
value of & function is called Uie extreme vj,ue of the function. 


There is another type of maximum and minimum called "absolute 

» 

maximum" and "absolute minimum" of a function by some authors, Those 
are also called "maximum and minimum values of the function m a 
dosed interval" or "the greatest and the least Values of the function". 

The greatest and the least values of the function can he 
uetexmined only when the given interval is dosed. 'The greatest 
value of t .he function m a closed interval is the greatest ordinate 
that can he drawn within the interval and the least value of the 

fun or ion is the leen^ya^ue of the ordinate that can "be drawn within 
the interval. 



Ue observe that the greatest sad. the l*etA values of a fun- 
otLon can occur either at the end points Of the Interval or at those 
points ‘.here there exist loch, .utixima or'local minima* 


Hence» for the determination of the greatest and the least 

values of a Junction f (x) in a &iven closed interval &/ * <C \ 

4 e first find the points, say x - ^ t ctc * A 1:)y ' °° iVXnfi " °« 

W here the function may have local maxima or lnouL minima. Jr. then 

deten.ane the ordinates f (a), f (b), f (^)» c,tc “ ^° r) ' ^ 

greatest and the least of these ordinates cill he the greatest and 

the least values of the function. 


lhe difforcnce^hetxireen maxinium (local)/miniwum (local) and 
* < 

the greatest/the least values of a function may he tabulated lollojct 


i i&xi i aum/Min luiui .1 values 
(local ) 


There may he many maxima & 
many minima of a function t. 
r m a, given interval. 


Greatost/ie^c t vJLuos* 

•* T > jJmt 1 ^ 


Thorc, i-.ay ho only one greatest 
value and only one least value 
of a function in c^givon inter¬ 
val. 


2 , The maximum and minimum values2* 

of a funotion can never occur 
at the end-joints of an inter¬ 
val # , ^ " 

i 

3. The maximum value of a func- 3. 
tion may he l e ss than its 
minimum value* 

1 

k function may not have any /j. 
maximum or minimum- value in 
a given interval. 


The greatest’and the leant 
values of a function may occur 
at the end^pomts of the inter 
val. 

4 

- The greatest value of a, functh 
is aluays greater than the 
least Value of the function, 

t 

k function must have the great¬ 
est value and the least value 
in a given (dosed interval uh- ( 
less d1 n a 1 constant-function 
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4. j£L te rnativ e e as ier _ appro a ch* if any. m 

discussing some subtopics* 

The usual method for '■’xo. ruing a point, for maximum or mini mum 
for a function is to apply the method of determining the sign of 
the 2nd order derivative of the function. But there are several 
other methods to examine a point for maximum or minimum. Biece 
ere listed helow 4 


(:i) D ire ct applleatio n of _the d efini tion of maximum and _ 

minimu m g i ven in C 3». 

Example : Examine the point x « Q for maximum or minimum for 

the function f(x) = ^ x | . 

Je note that f (o) m 0, f (0 + h) « H> 0 

r (o-h) = | h\ y o. 

•*- f(o)^ "both 1 (Ofh) and f (O-h), 

Hence,hy definition, r = 0 is the point of minimum for the 
function f(x). 


(n) Use of the concept o_f increa sing /decreasing nature 
of a fun ction . ' .. 

fe note that on the left side of the point of maximum, a func- 
xion f(x) is increasing and it is decreasing on the right side of 
this point. Again, on the left side of the point of minimum a function 
is decreasing and on the right side, it is increasing. This phenomenon 
helps us to state another rule for examining a given point for maximum 
or minimum. This rule is stated Delon ; 
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Ii the den.Ye.iive Of a function changes sign from positive 
on the left to negative on the. xi^ht of a point, then this point 
is a point of maximum and lj, ills derivative ohangow sign, froiii 
negative on the left to positive on the right of the point ( then 
thin Domt is point of minimum. 


As an example, if ue consider the same function f (m) = j ^ jt 

for maximum or minimum at x = 0, ue note that X* {h) « ’1 if h/ 0 
i v 

c.vnd (li) = l if hj> 0, 'Thus the derivative changes sign from 

negative on the lefl to positive on the right of the poirn, x « 0« 

Hence, x = 0 is the point of minimum for f (x) *= J xj , 

Lm I^sic ^^qept^to^ he euiphaniqod_in, beaching the topic/. 

The varj ous concepts of minima and minima to he oiopb arises bo 
the teachers in on orientation programme are listed urdow ; 

(g Hie condition I* ( a ) = o f or a function f (x) to bo a mfc:tllll u,„ 
or a minimum at a point x » a is only necessary, but not 
,-ufficient. In othr r^-, lor a function f(x), / (a) may 

be zero, but still x - a may not be a point of maximum or 
mmrmm. For example, if f ( x ) = x \ them / (0) „ 0 , but 

it cm be srhown that x = 0 is neither a point of ,oa:dmurn nor 
a point of mknimung 


<!*) 


Hie »waiw aid rami.mn, points of a function are the poimt, 

,hore the nature (moloaning or dBoieanitif;) of a function changer„ 
Tf the nature done not change at a point, then this point cm 
not bo a point of maximum or minimum. 
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(nx) Hie i,'ia:arnum and minxwu \ values of a continuous funoUon uiuct 
occur alternately. 


(iv) Hie maximum value of a femetion may "be loss than its iiiniwum 
value, 

(v) A function way have a inanmuw or a miniiiiuw value at a point 
even if the derivative of the function at this point do os not 
exist, 

* 

(vi) Hie local maximum and local minimum values of a function m 
a given closed interval can not occur at the onu-poinLs of 
the interval, 

6= ihiaLysi^s ^of conce ptual errors that way he coi unit Led by 

te£',cliene in teaching thX ^nthiq ‘con tent, went ion 
gaps ^and misconooption if ^any, in the “text VooksJTVhicii 
way misg uide t eachera end stud ents. 

In finding maximum uif iiijiirnur.i values of a function m a, ;ivcn 
dLosejl interval , rome teachers apoly the vicond order derivative/ test 
i„e* they find local maxi arum and local minimum valuer.! and ohtaiu nrong 
answers. Teachers should remember that maximum o - minimum values j.n 
a given closed interval are actually the greatest orlVast values 
m the interval, 


oome teachers feel that the maximum value of a function is 
greater than the minimum value and so they co.1a.11t conceptual 
error., in solving a pro blew of maxiiium or minimum for a function f (x) 
rhich is such that f^(x) = 0 for, say, x - a and h ^(a)^ 0 , 

(o)^ 0, f (a) = f(h) = -16,, Such teachers may conclude that 
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1 if! 'the minimum and j(nnd not ~l6) is the maximum OX f (x)* 

As already pointed out that a maximum veXuo of a function may ho 
ie&s than a minimum value and so the maximum value of the above 
function is not 16 but ^6. -which. is the actual value of f^b) and 
the miniiaura value- is 1 although -\\, -~\G* 

Cf the derivative of a function at a point does not oxist^ 
some teachers conclude thc,t the function can not have any extreme 
value at such a nomt. But this concept is wrong, For example, 
f (x) = j x( has a mini.irum value at x « 0 although (o) does not 
exist, The method of determining maxunum or inininium values of such 
function,., at such point- where the derivatives do not exi^t will be 

j 

discussed later. 


flic definitions of maximum and minimum values of a function 
given _i.n the textbook of ITGERT (pages f50j l6l ana 167 ) arc erroneous 
and iiuy confuse many teachers, These definitions are givcni bedo / j 


1 . 


■’A function f 
interval I at 


(x) is sain to have a maxiutum value in 
„,> x 0 i3 m I and if f )^> f (x) Xor all 


*v* 


m I, fhe 
m I and xo 


number f (xo) is called the maximum value of f (x) 
is called a, (point of) maximum of f (x) m 1. 


fe can have a similar definition for the minimum value of a, 
function,” 

’’Let f be n real function end lot xo "be an interior point ■ 
m the domain of ft >-/e say that xo is a, local maxiinum of f 
(or a point of local m^xntium of f or simply, a maximum of f), 
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3 Cx there m an open interval coal/eluj .1^ xo auch that f(xo) 'S. f (x) 
for eveiy x m that open interval u » Sirnii c,r clefim lion ha- been 
given for local minxuiUui of f, 

‘Hiat the above definitions are confusing cJncl defective can be 
ei^)l ainc 11 eu. folio rs : 

!l rn apply definition 1 in funding, the maximum (foci ) value 

. O 

of f (x) * x" xn, icy 9 O <(x 1, then clearly f Cl) = 1 ‘ 1 s the 

maccxmum value, but in fact local uianriiui i can not occur at the end 
point of an interval... 


m c ai 


e re tahe "J^to be an open mtervdL, then clef) in bioru« 

1 (Sc fi seen to be coiitradxc boxy (m the first case f (xo) "> f (x) and 

V 


xn the aeoonu case x (n>)^> f (x)^ 


The second definition mey give a wrong concept to a teachoi- 
that a function increasing xn an open interval may have a ma^jLiiiuai, 
BesicLo;;, this definition ooe not oudblo a oer, on to determine maximum 
vaLuer; of a function defined m an open interval. Both the definition., 
do not emphasise the neighbourhood concept of local maxuitpum and local 
minnmia. ^Ji thin a bigger interval there rnay be many maxima and many 
miniuiaj but the above definitions niay lead on© to conclude that only 
one maximum or only one ..liniiflum may lie in an mtervaL^hovevcr 1 arge 
it rnay he, 

The correct definitions of maximum and minimum value- of a 
funotion are given in ^ 3„ 
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Discussion of some interestin g qu estion.-* that m ay "b e 
asked_by the ^teachers to ’the Reawnge^Persoixc 

Some of the interestin'' questions that can be asked by tho 

teachers to tile he souroe Persons are given. he! cr.r ; 

(a) jJhy do 'jo not apply the same method ta determine loeal *.urdMUU 
or local minimum value of a function as sell as the greatest 
or least value of a function i 

(b) in sol ving phy si cal p rohl erne of & min., ;hy ch> we apply 

the theory of local m@,x^ and mm. gaid not that of atvolut 

iiia:n and absolute mm. ? - 

(cO Can a function ha-ve a max. or mm. at a oomt if tho derivative 

% 

at that point docs not exist ? 

(u) hat con you say about, the existence of man- or mm. value 

of a function at a point if the, fixsfc and second order deri¬ 
vatives of the function are zeroes at the point ? 

\ 

(e) Can a function have two consocutive Maxima or two nousosjutive 
minima ? If eg, what kind of function can it be ? 
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(f) If "the ist^erisreiive of & function is ^caiotant- end the 
second and higher order deri^ai-iveo arc ail zeroes at a 
point, what can you say about the cxistonce of muodimim, or 
minj.n£um of the function at that point ° 

(g) How can you use the theory of maconum or minimum to uotei .uno 

the suh-intervais of a given interval in ihich the function 

may he increasing and decreasing,,*' 

* 

fhe nesour®e Person call explain the above questions m the 
following vay ; 


(a) Cae method used bo find the greatest and the least vduuo of 
a function cannot he used to find the man, or «an, vriuc of a 
function he cause a maoarnu.ru value of a function mgy he loss than 
a minimum value^ Xilhereas the greatest Value of a function ui 
a given dosed interval is always greater than its lctud value. 


In absence of a dosed interval m c. physical problem the 

theaiy of finding the greatest and least values cannot bo 

r- 

applied. Besides, far a physical problem there onmot, in 
general, be more than one maximum and one mmi,.ium. 


(c) 


in defining uiaaai.iuia and aitaim values or a funotion at £ . point, 
we have oonsidered only the values of the function m a . 0 . la Ll 
neighbourhood of the point and not the derivative of tho 
funotion. Bius a funotion may have a wacai.ium or i.iinii,iuu. value 
at a point even if the derivative of the funotion at that point 

does not exist, fte only requirement for a funotion to have a 

0r a “ :Lnl " Illm vai * e « *** it Sbouiu be contiguous at 
that point and in a smell neighbourhood of the point. 
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.04 addition to the nice sary condition. vis a f* {a) * 0 foj? 
a function f (x) to have a point oi extramec.*at x. = a, if fit (a) = Q, 

-re fian not concl-u.de that f (x) has no max* or iran 4 at x = a. Thir 
case nedds further investigation. It mil ho explained 1 ater that 
xi the second order derivative at a point x = a is zero, \jq should 
continue to find higher order derivatives till ve find 001,10 x ion— zero 
derivative of the function at x a. Suppose f U (a) J 0 for tone 
value of n, Then f(a) is iinninuni if f n (a) \ 0 and Maxium-i if f U (a)^ 0, 

f 

provided n is oven, othejin se there is no Maximum or no Minimum. 


(e) 


(r) 


(g) 


11 continuous function can not have two consecutive uit.ixi.iia or 
t to consecutive minima* However, if a function has tuo cori.ec - 

cutxve maxima or tpo conaecutrve minima, 3 1 uiu&t have a point 
of discontinuity m, "between tvra maxima ana two i(aiiii,m 

if the first axxler oonvativo of p„ function exists hut it ltj 
non--zero, then the function can not have any maxi mum or Minimum, 
“because the necessary condition for extremum at a point 1., that 
the f j.rst order derivative of tho funotion must bo zero ^t that 
point, if the derivative exists,. 

Suppose a function is defined in ^a, b^ . Ie find the points 
of extremum m this interval* L©t x = c be the point of 


rerd. ilium and x =, d is the oomt of minimum where a c f d 


u ^ o, 


Then the function is increasing in a <^x <^c and m u^x^b 
anu decreasing m c <^x 

1 

This method can bo eerily applied in da lemming the sub-mtexvaic 
m a given interval, m which a function of tho type f (x) «* a cor,(ux + b)x 
cm nx is increasing and decreasing, because it in easier to find the 
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general solution of a trigonometric equation than to find the general 
solution of a trigononie fcnc inequation. 

(EL ease note that many other similar questions call be asked 
by the teachers. All such possible question^ should be discussed in 
detail under this section.) 

8• discission of so m e enrichment materiala_ on the topic, 
juhichjdife_jbeauhers^are^supposed” Jdo know: ~ ~ 

Ihe maxima and minima of those functions uho,,e derivatives 
eiasb at some points and whose second order derivatives at those 
points do not vanish have been di-cussed m the textbook. 

fe shall now discuss ho r to find the maximali or minimum value 
of a function at a point where the derivative does not emit or the 
second order derivative is zero. 

If the derivative of a function f(x) at a pointy say y = a , 
does no exist, we shall find f* (a - h) and fi (a + h) where he is a 
sufficiently small positive number. If f< ( a h) \ 0 and f I (a + h) /0 

X v ^ J 

the|)f ( a ) ' n11 136 ‘oaxLia™ and. if fi (a - h) 0 uhiLe f< (a + h) \ 0 , 
then i (a) will be miniuiura. 

Alternatively, ,,e can directly apply the definition to find the 
extra®!,,, values of the function a t such a point. We find f (a - h), 

f (a) and f(a + h), If f (a) is greater than doth f (a - h) and f (a + h), 
then f( a ) ..ail he maoamn,. If, on the other hand, f( a ) i a ie£;s than 
both f (a - h) and f (a + h), then f ( a ) ia il be .nimuaim. m this Wf 
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vre cam examine 


the functions 


( 1 ) f (x) = ( x | .Cor niEju-Lau. or minima c/t x = 0 

n 

(n) f (x) = 2 -v (x - ?.y~‘ J for maxima or minima at x= 2- 


In case the second order derivative of a function £(x) at 
a point, sy x *b a, where the first order derivative at the point 
is aero, „ / then .re should find the higher order derivatives, 

Te should continue this process until we got some non—zero derivative 
of the function. 


Let f n (a) =f O for some n, 

i 

Then f (a) is maximum if f n (a) and f(a) is Minimum if f 11 (a) 0 

provided n is an even integer. If n xs an integer, f (a) is 
neither a maximum nor a mm imim, This result con be easily proved 
by using Taylor's theorem c '.it expansion oi a function, This its 
beyond the scope of discussion. 

The reader should no le carefully that all extrema can not be 
discussed by means of this theorem, evon .then the derivatives of all 
orders exist,' There exist some functions whose derivatives of ail 
orders may be zero at a point, but still the function may have an 
extremum at that point, 

For example, consider the function : 

‘ t ) 

f (x) = e x when x jt 0 

= 0 when x = 0, 

It can be shown that f (0) = 0 ql n £- N, Again both f (-h) and f (h) 

o- e<»tei than f(o) showing that the function has a minimum value 



at x * 0 al though its derivatives of ail o rue I'd are zero at 


:: - 0< 


Rorrt of inflexion; 

There are certain. functions whose first or (ter and second oi’der 
derivatives at a point are zeroes but the thins order derivative ir 
noa-zero„ buch a point is called the point of - nilcpxion ior the 

function, This is not a point of maxiinuu or jranunu.ni* nt Lhn point 
of the curve the tangent is parallel to x ~ rxu*, bat at cuts the curve 
afc that points Tho increasing or decreasing nature of a eu.. T ve uoc:. 
not change at this point. 

Example: f (x) = x~ ham a point of inflexion at x = 0, 


Concavity and Convexity;: 


n function f (x) differenbiatale m an interval 1 is tsaiu. to bo 
convex if its derivative i T (:;) jc mcreaf mg and concave it Lb;. uon 
vative fi(x) is decreasing. Thus, the necessary end rruffioienl cond¬ 
ition for a function f (x) to be convex in X is that f > > (x) s > 0 anu 
to be concave m I in that f*» (x) ^ 0 x I, 

Co^^tructi^on^of one (o r more) intelligent ifaections 

XtiJEP^sible)^ to^test a particular concept and' "its ‘ 
solution ~ ““— — - -■ - ————— 


> 


le discuss below t;/o intelligent problems# 

Problem i s 

f- polynomial function of degree five has maxima at points 
x « b anu x.= d and minima at points x ~ a and x = o, Then fhich 
of the following statements 


are never true ? 
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0 


a) c ^d^a^> h 



P) b/ d^> c 


■le observe that the choices (B), (d), (e), (H) t (J), (K) , (ftf) 
and (o) arc never true, lor in those cases consecutive maxima and 
consecutive uannaa occur, which can not he true Tor a polynomial 
function which is continuous for all values of the variables involved* 

Problem 2 _ i 

Find tho derivative of the function 



at x = "7 and x = 11 3 and hence discuss whether it can have any 
extremxurn point he tween. "7 and *8. 



lie put x * sin 0- 


Bieny . sin -1 (2 sin £ ooc £ ) „ sin“ l ran 2 f) . 2 (O, 2 sin 1 - 


dx 


v/ 1 - 


( 1 ) 


■X 


Now, since y i S defined in - ~S— / / y </ J?r f 


X 

2 


2 s ^ ^ 2 

2 mu ^ „ S 7\ 


2 sin~ x x 

V 2 


* 


71 

T" 


<T «*in- 1 ac <C 


> x $ ~k O' 


7 i 


Hence, dy 2 , . , 

"dx" “ 10 valid m - -t- <T x / J 

U d,rr ; ^ ^ 

H^tk c. _rJ — X - . N /\ 

^ < X ? \ { \ —•> Ll £ i S 

Again, to find dy at x ** ,8, ; 


1 

MWi 

n 




we put 


«ZE 

4 


“ cos 0r 


y = 


-l 


sin ( - cos ft Din 9 .) 


*1 


X 

cbT 


r\ 2 


siii sin, 2 £}- w 2 k# ;> coo ^"x 
i Now, 0 coo ’^x < K 


Also 


=> 0 2 cos^x <" 

s 

JT / 

~o~< y 


^ "TT^ *»»•■> (2) 
-l/„ ;- 5 i ^ 7 \ 


B “"(f P .... (3) 


S-rom ( 2 ) ^ (3) we see ^ 


y - cofa x xndl de in -fche 


6 * 


common interval or (2) and (3) 
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y -1 / / ( 

0 4 2 cos x -fi 


—^ 0 kl cos x 

—■) i> x';z 4s 
v o V V? 

-N -i- 4 5£ ' i 

s/2 " "" 


-1 ✓ M 




_dy_ 

dx 




/X3 

c* 


S/ 

'ax I x «- .8 


iu valid, in 


1 


s/2 " 


< x < 1. 


\A“M 


<c 


o= 


Th.* -; 


W i 

'“■V "*-» 

dx \ 


X = . I 


0 ana dy 


dx 


x s= «b 


0, 


Hence , "the given ?. l r . >.i has a iiaxiinu.ni at a point between. 


Gt/lU. jC — Up 


10, Reference a (oi easy, cheap and easily available bohks)/ 


Hie foliowine hooks can be referred to teachers, 


(a) HitferentiaL and Integral calculus - Piscunov, 

mileage Publishers, Moscow. 

(h) Gal cuius of one variable * Ilaron, Mir Publishers, Moscow, 

(c) Problems of Mathematical analysis ■- 

Demidovichj Peace Publishers, ifasccw# 


X 
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LIMIT, CONTINUITY AND DERIVATIVE,*. 


1- MOTIVATION OF THE.TO PIC 

L-. mi ting Process is known 0 „, Ihe fifth fundamental process in 

Mathematics. The whole structure of cal^OHus is "based, on 'the concept 

of limit. 4hile the other' processes are taught in the earliest p bageo 

of' schooling, limiting process is taught only at a mature stage. This 

dearly offers the motivation fox-learning limit, continuity and derivative 

The motivation for studying limit is intrinsic to the "basic development 

of mathematics itself. Nevertheless the physioal world offers motivation 

■* , * 

for studying the calculus of limit. In nature we find infini&esinal 

rv* 

changes taking place m a quantity causing an infinitesimal change m 
another quantity. Sometimes the ratio of the latter to the former however 
remains finite. Thus determination of this rate of oh.an.ge of variable 


quantities assumes greatest importance m the scientific study of social 
end physioal situation. In. determining instantaneous velocity we have 


to tako the limit of the ratio1. of two infinitesimal quantities cud not 

the simple ratio ^ . The ; hope of a fum graduclly changes with 

the direction of the tangent. Therefore^tho shape of the curve can. "bo 

s 

defined as the rate of change of the direction of tho tangent,, Numerous 

similar examples can "be cited to describe the motivation for studying the 
topic. 


The intrinsic mathematical motivation dictates that greatest care 
has to he adopted in imparting the concept of limit to the first i earners. 
This should however "be preceded "by an elucidation of what has been termed 
as Functions. ^les bion mqy be asked ; Is it essential, for a function 
to "be expressible by a mathematical form always? This and various other 
typos of functions including functions of several variables arc required 
to bo studied through real-life examples. A set approach to defining 
functions will be meaningful and effective only if pursued through numerous 
illustrations. Ohce this has boc^ done, tho concept of limit, oven — C 
concept, can be introduced by considering a simple function and then 





painstakingly showing what exactly 10 meant by the orooer-, a?7>roaoet! by 

-the words " tends to ». J,et f ( x ) * x 2 . ®en the •soncept of 7 fc- f ( x ) is 

V .14- 

ejqjlainahLe through the following catcuf ^iou (the intrinsic *.athcmiatieaL 
motivation in studying' the** fifth fundamental pxooesu In aiao Ii.mo&tately 
realisable from this solicit calculation): 


x 

f(x) 


j_ 3 _4. 

2*5 

2. 1 

i 3 T 

6* 25 

4.41 

[i ;,i*5 

1*8 j 

1*9 ! 

"T-“ 1 - “ ' * 

3*24*| 

t 


11 12.25 

A 

3.6i 


1 j 2.0 5 j^2.0l 


* * 


, 002 


/ u 2025 4.0401 , 

i 

* ; 1*99. 1*999 

--i . _ 4,".* •- 

11 *> 


f iwk. *ji ml A 


2 , 00 ] 


.020025 j * oofioo/: | 4,c 
1*999 % 1* 99p9 , 




| 3.9&Mj 3,980099! 1*99^001 

i i 


4999^0001 




I'roin this calculation, , the meanings of (£ t # t *, X, OTA ft wnlxCltJy 

1 / > 
discernible. At this level there is no reason why ^ £ deflni tauna cannot 

be discussed in the GlatBroo.n pointing out that High*, cjnd Left ii„atw arc 

intrinsically implied, in the entoria <X> *- <9 4s. «X. 4! ~ SX.-lb'K'Sc concept of 

neighbourhood steps «l> easily at this stage consequent to math*:. .tabs cal 
i lotivalicm, 

Hie analytical or limiting criteria of continuity of a function cannot 
be initiated by geometrical tfachnicjuo, A grqph of a function diich has 
no jump or any other broak x., a continuous curve. lirawing grplu. of 

and discontinuous curves constitutor* the fi out ,, Up in oxplaiming 
continuity and discontinuity of a function at some..points Ohcrooftor comes 
the «u~tton of uatewtanding continuity „ ter» c of On 

" ta6ar °° n0BPta0a ° f 01 - funotion can one ,Huey the other- li„ut 

known as the hifferentiol Ooefficieivt. 

2 * ^-^^tUtl ino the content 

Alongside tho brief outline of tho n nn+ j. • 

ho content xo being niontiono d come 

topxoe not -elude* - tho-took-. ft*. lnll givo „ ,. n t„ B1 . aiod vieu of tho 
topic ho-s stu^a. • tt0 Ch, 0p t „ to « w ^ otiono ^ SBt JwIcaoh 

and then to. ac^uAint readers with various -fc™ *. ^ 

Us %P°b of functions. Graphs of 

.... ^ 

~ “ „ ... a™.* 

nversc factions Has been discussed only briefly), ajion liravt 
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of R function (not of a sequence) is introduced with examples. Borne fan. 
damentd. facts about limits such, as^f \9i fjO -J-L' -t- J<xT) 


tc. 


has -been introduced without proofs to enable readers to use these results 

Ln evaluating limits of function. ( fi always reams a good chance 

of incorrect use of the results m problem-solving exercises)* Some 

standard limits however have been established by proofs. Examples: 

n '■ ' ^ liy 


-1 InO.. 


m - 


, • L JO*, ,z> ~ \ 

-as-.-p.z_ ^r 0 —-g-7 -' 


, _ 

etol'~ fighT"and Left limits have been introduced just before discussion on 
ooncmuity of funotions. Removable discontinuity has been discussed but no 
infinite discontinuity has been mentioned. Examples arc ^ inadequate. . 

Then comes differentiation by first principle, i. c. by evaluating 

th * . . ‘ 

limits directly and then by using formulas, n order differentiation has 
been Lhown* Rules of cb.fforont 1 at 5 .on;of product and quotients of two fun¬ 
ctions have been shown. 

3 „ Ex planation of Technical/Mathematical Terms rot prp peily cy- Rij^bnoil 4 

iji bhe te xtboo k . 

I_. Calculus, it is not desirable to use results \d-thout proofs. Ex¬ 
pansions of x, cf/OS ^ etc. have been freely 'assumed to consbruot ^ 

** * 

problems meant for problem—sui’, exorcises (in Page 99» ^bo oxpunsxon of 

t ■ ' 

^1 + , in Page 80, the expansion of c X otc). The students will get 

used to these resultswithout ever seriously going through their mathematical 

' ; •. ■ 

validity. The removable disoontmuxl^, though discussed briefly, need 

. __ 1 _ 

elaboration. The infinite discontinuity of the type f (x) = e x—a ct x = a 

.. . f - 

or oscillatory discontinuity f (x) at x — 0 , have not been discussed 

at all, ^.—neighbourhood has not been discussed oven roughly._ Ihat not • 
every continuous function is differentiable has boon demonstrated by most 
authors by considering the function f(x) s= ixl only (p, 9 ^)# Examples 

llke (l) r(x) - xAm i ’ ^ 0 * f(0) " 0> ' (ll) “ PW ' 3 + 2 * for 

• . t=_3~2x for 0 ^ X 4 d 3 


Siott 


that f (x) is continuous at x * 0 but f 1 (0) does pot Gxiot^ai. 


sputa 


others must be cited to drive tho point home* l^inoiipns having" otic—sided 
derivative or unequal one-sided derivatives (Ex % _f (x) ) snd toi- 

ctions having infinite dQmvativa may bo cited to -'bluetrate tho complex 

* -w * 

“f o r ror.txatictfi* Bugg^&feni fa r iixe ± jsc'v' 


n oofjLii 
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personnel are* 

i) Let t (x) » 0 when 0 x / 2 * f * 2 ^ “ 5 ' 1 ^ “ 2 

when*|< x < 1 - SHOW that f <x) w .aocontiwoua «* * ~ 

f?( JL ) exists and its value its infinite; 

If f (x) * x for 0 x ^ , f {x) •* 1 " ior ^ ^C 54, 1 * 

does exist ? 


2 , 


u 


e 

i) 


Solution! 


f (x) « 2 , L-»t f (x) » 0 

X— } + 0 X-^ 4 - 0 

/* f (x) is discontinuous at x *» i 

i 

R f ^ ( i ) a Lot 

fi ■ —^ O+O 

L f%) 


^ (& + b) - i C* 2 r) 

~ ~K~ - 


±» t ~TJ" ^ 


Lt f (& + b) ~ «f 0 

^ 0 - 0 --£- 


Lt 


u 


=-l 

h 

**< ■ 


-O 


oO 


ir, 


* „ ^ (if) X 3 infinite * 

* V 

R f f (i5) - Lt f (h +kO - f 

L *—^ 0 + Q ———— ■g’ 


Lt 


] - 


K\~ 


« * "7*- <****» ■ *.-- -■ in rfp ■ ?■» ' ■ i » gj^ 

{* ,JS - Ui 

1 I f. +}, 

I* ^ <») - Lt f (Uh)-f (i) i „ h _ * 

h —-*► O - Q --— £■---- Lt ~ w j; « l 

^ — — — 

* • f'CaO does not exist , | 

Although the exponential • e* has heen freely used in the book; (pages 80 — 83) 

Li (l + ^ ) U has not been mentioned, Ihc expansion of log(l+2:) Las 
. -? oA 

Deen assumed and freely used to solve problems. Qhc question of llcLaU-nn*s 
conditions of validity need he emphasised even uhen the assumptions arc being 
made (P. 82 ), 


4 * Some ConceptuejL er rors * * 

a) Ihe limit. Lt e* L -} J 

o * 1 tn page 81 , has boon evaluated by taking j 

ourse to the MoLeiirin^expansiori of c x f completely forgetting that 

ame limiting value was employed m Mo^auyin^ expansion whero 

t, (e 1 ) was uivoivdd. (o x ) „ M - L* +1 * „* 

h —0 — i n « i mm « b X Lt 

%' \ h —0 

x ^ >C 

- - ^ c, 1 . £ 

of Giro- - iiioh If f* - ...fly - 


there is dparly a cycling type 


Gi-ro,- 
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Similar error ney occur if Lt 


0 t, e evaluated "by 


by L** Hospital^s Rules for ^ ^}iu x) » Cos x has already "been 

derived "by using -the Limit. Lv / gin x 

x —^ “ 1 


r v i 


Lt /JBin x 

A —;> 0 x 


Lt 


80s x 


» 1 is wrong 


■1 


yi ~*n> 0 1 _____ 

Some E nrich ment Hat e mail a f o r Reso u rce Personnel 

Fundamental Theorems on Limits cannot he applied mechanioally» For 

example Lt 5 f (x) + g (x) i- « Lt f (x) + Lt g (x) 

x- —a j X a x~£- a 

is not applicable for evaluating (talcing term hy term limits) 

• ■ . 1 

Lt ( xf_ + ft?. ... - ) . 

■ x —0 2 

1 l 1 +x 


2 \ 2 

(1 + x ; 


' > ' f i) 11 i- J 

An erroneous application of the --* gives the limit 


Lt 


Lt 


x 


0 2 
/ 1 + X 


X •—^ 0 ( 2\2 

a (1 +x ) 


-+ ’ 


0 + o + 


Correct Limit 0 Lt 

2 ( 
x 1 

X 

, -x — 

0 ' 

i 1 


/ .. 

Li 

' = Lt 

2 

1 


X ' 

> 0 

x 2 

The theorem Lt 

#< x) 8 

(*> 

(X- 


I -t- x 


T +x 


2 


= 1 


w}d) LV-§0> 

—y> <dX_ 


is valid only vjhen Lt-bCx) and]_hoth exist. It 

X->dc_ 

jould he wrong to write t ‘ f 

0 (M 17 


Lb a Ad- J x - Lb CA ■ UrA X '° x U-A- -- x 


o 


^ O 


X ~"7’ O X o 

\ J 

$7 a- function f from ( atf> on ) a set X to (or into) a set Y 
we mean a rule that assigns to each x m X a unique element of f (x) 
m Yo Hie collection G of pairs of dhe- form ^/mx t f (x)X. in X x Y 
is called the GRAPH of the JUNCTION f. „ A subset -G of X x Y is the 

f 

Graph of a function on X if chid only if for each x X-X there is a 

U > 

unique pair m G -Those fir r, t cl orient is x» 
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Smoe a function i& determinea by it* grapn, „.i i.;-. advisable to 

define the graph m terms of sett, In the boo*, only function but not ft rap h 
of the function has been defined in terms of set** 

4 ) Liimt of a sequence may be cqjfsi&ered taking & ah-psio case. The 
■j/orci sequence 10 not in the feook* 


Some Suggestion s and Pro hi etas based on . j j &t emotive lip preac h 


l) Hospital's Rule is not mentioned xn the Jjfcnik* Thi- proof requires 

a knoWlo'dge of " Mean Value Theore. <« bmco Lagrange' a Fieasn 

Value Theorem is already in the ^Ook, theuo two theorem; way bo 

described to get the otudonts acquainted with Application of 

1 ‘ 

L Hospital's Rule m findi.ig lxmlten Problems «*uggO£,ito«ij 

a) Find a, b such that 

Lt x (l+a Cos x) — byfin x / * 

^_. - —1 ■ * 1 t (d»Piy L.H. Rule) 


b) . Evaluate; Lt 


UCv 


«VrS ?C 


OU* X- 


y 


1 j t /(, 
x -—>> 0 


(1 —sir 

' x ~ j 0 


Lt 


2) 


X—^ 0 (^ 8 ofcoc X- etc. (apply j_.ll. Rule) 

Removable discontinuity has been defined as (P,9l). >'If a 10 a point 

discontinuity such that Lt f ( x ) exists, -then by changing 

^ a 

the value of f at a, we can make it continuous at a, do nay then that 

•r 1 

movable discontinuity of f »?, This definition should bo 
replaced by : n if f (a + 0 ) * f (a - o) jf (a), or f (a) is not 

defined, then f fa) Xs said to have a removable discontinuity at 


An example a f (*) = / y _ 2 _ „2\ /, * 

v t " yf v-f w has a removable discontinuity 

jL* or f (a) is undefined here, though f (*f) exists 

and 11 . f (n) = ■ Lt f '' w 

it*—^iX n -_/ v . ' + ( >c ~ «-) 

■ y s " 1 .- * 2 a 


a 



• S'7 • 


^ \-Z 

Aiio'fcher exari^le ; Let f (X) = e“ , 




= 1 , x = a 


Here ! f (?0 - 0 &bd f (a) 1 


I/t . 

X U 


So :c «= a is a removable discontinuity of f (H) * 

Exainpl e' f (>l) e £jxQ + x~| at jc s 0, has a simple non--removahle 

discontinuity at x ^ 0. 

I r 

In Page 90, a sentenoe runs as t " Let a *» 1 * Then, the nearby 

points can be either \ 1 or / 1. " meaning probably the points 

' X ^ |. , , v lnX. 

xn the neighbourhood. The * neighbourhood* concept^be used by 

writing the word NEIGHBOURHOOD m a straightforward manner. 

The Word * uifinitosmal * haa to be used end its meaning cjqxL ^int.d. 

In Page 83 , ‘a sentence runs*as " We-sj^pll later prove the stronger 

result that evexy polynomial -fubo^'i'on -is' continuous at every point". 

The word "Stronger" may bo replho(M U^^the word "general"* 

- « * - ^ ^_ 

i 

in the oasc of denvativ> -> iwei ssu Trigonometric functions care 

l 1 

must be taken to explain the existence or otherwise of derivatives 
at the 1 end'points; - r. 


Bxsiapl e: - 


d ' 

dx 


^°° 1 A) ' 'i' tn | x t> 


1 


apd lor 0 jS\/S&go.' ' X 7X. • 


„ _-1 

The derivative of/Seo x does not Oxist at end points although/^oc p 

A 
V 

is defined at the end points. 


Basic Concepts to bo Emphasized m Teaching the topic . , 

Since the student^ have gome good knowledge of set theoiy end sixaco 
FUNCTION of a red valuable has been^ defined ill terms of Set, it 
xsrould-^BV-advisable to impress upon the students thB set theoretior 
’definition of GRAPH end--other terms, “ This x-jdlf help* them to pursue 
mathematical analysis at the Degree Levof. 
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o i o v.». j 


it J jC, . X’.. »-• '--i*’ 


**."*** 

, - . Krtlllt , hr, made. A function tk.fi.jwd in th«* cAcmd 

of the domain shouid A . . „ • , t - . , , 

interval T a, h~^ ip not ctmtinu-out? i.t thi cad naxntti * ar continuity 

at »e,« the left limit >?ill caa»*t only if '^ UIi bi: < " xtttade<l 
beyond *a« to the loft. Similarly for continuity vJt b the 
limit will exist if the domain ho extended beyond »b* to the 
Hiis question y nll also help understand Conditions. Hallo * u Tneoreir. 

properly* 

It is to he impressed that computation of derivative U, actually 

** * K * IT 

finding limits 4 ^his fact should not he foot night of Anc Couputing 
derivative mochoniaelly iy using forwiuiaa. 


Altern a tive Meth od o f Sc 

1 y * T * - Si. * *- k “i 


*1 )■ i , Pago 6 fi , ( \ ^ 1 » OissX' h# solved cosily *. 1 * 

, " 6 ri,, fr g 

■ ' . .. •* h ' ■ / . n 11 

.1 . , •- ,, ,, it ■ x *** a 

without taxing recourse to using the limit -— * 

J a x n 


n 

x “* a 


T ^ 

'fhe given limit » 


I + x — 1 _ Jl . 

■ P* IW MM 111^1 Unw in d *i# 1 . . "*' ' l '"*"" H ' 

0 '- . 

X (y/ 1 + X + 1 ) » 


2) I 11 Pago 124, y ** b tan ^ J ^ + tan ^ 


should he differentiated from the step 


tan y = h 


(* + tan " 1 
x a */ 


book. 
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TOSSJS4 

* > Jn 


1) Rotiv atxon of the tQ*»x c 

£f a stone i-« ttux> m fix)*-* a point a to ■ 
Hit a vertical tali at the point B ritual 
**t a lnijht oiiTerojit fr©« A, in it ever 
possible that its* velocity its horizontal 
6<j«io point of tho parabolic oath it 
describe!.? ibat horror.ns if* A and B are 

ever possible that the velocity 10 never horizontal m aW 
the ^ove situations: Or is it possible that tho carootion of its 
el ty ett a point c i a ever partial to the lino Ah, even if A and 3 
tU fa rent heights and G lies between A r , *W B *' 

t bhe occasion of a festival! a decorator benda a thin 

iiietsl sheet a number of ti.es (as i^own in the figure) ao that it 

toucher a hon.ont^ bar CD on the top * the ga te placed between its 

* * ^ _ * r * - r * 




■Wo vertical piLiare, ;diere (i) na overlapping of the sheet takes place 

bet j-esn A and B» 

(ix) the portion 'between A and B is a smooth 
carve without any break, or sharp head, 
should there be t any restriction on the 
heights of A and B ? 

Phil e* s Theorem and Mean Value Theoreal help us to solve these 
pro hi em s» 


In the first example, if A end B are at tho came height, Roll o' s 
Theorem seys that the velocity of the stone will "be horizontal at least 
onoe before it hits the wall. Bat if they are at different heights, 
the fh.-’cotion of velocity will he parallel to the line AB at least 
onco before the ,,tone rcaohes B, a reouit given by the lloan Value 
Theorem* Hie possibility 01 it being zero, cannot he ensured uo j, 


In the second example, the he theorems suggest that A and 3 can 
lie at any height. 


Many other situations may arise m our daily lives, ’which can 
he analysed bent by Rollers and Mean Value Theorems* 


2 ) 


Brief Outline of the Content. 


Stat ei uent___of Rolle rs Th eorem. If a function f (x) defined over 
the closed intexval L a ’ *3 is such that 

(i) it is continuous in |a, b j 


(n) f ^ (x) exists in tho open interval £a,h^and 
(m) f (a) = f (b) 



i ;g* 


•then there oneta &t loawut oans ^int c, 

^ <^ C \ b# nuhli that £* * * ■’* 

Die ^eoiiietai 4 it jte w folio. 


j ii * 


T£ the portion of the graph of the function y « f (u) between 
the ordinates, x » a Jia x * t ir< such that 

(') ^ e. continuous curve from th»* point A*., £(&)J to ^ b, f(\>) 

/ - \ ^ ' , ;c0o,, 

(ii) it haa a clear tangent evoxjMtoro *xwt «*m fvo points* 

and (ui) the line joining those points vl 
10 oai’UitvL to the at-axia, 1 

then there ,.iust exist at least one 


point on the curve set ieen those 
o^nfcn, /here the bangt.rt xn 
bo the x-eacia* 


\ / l/)« 


0 




" * 
4 


Bt^te^ont ofjth^Wejyi Valu^jTho^re^. 

If the function £ (x) defined ovor jjj., bj f3Ucih toe* 

(i) it ia continuous in Fa, 

(n) derivable bj_~ 

then there ;,U1 exist at least one point c, a / e / h, such that 

f ’ <& - ^&Lzlia)_ 

b - a 

Thra is proved hy constructing & Nation <£.(*) - f (x) + Ax, 

constant. Detail a of it is given in the next arti<A B ' 



Qeometrical sig nif ip ane c 

The hype thesis of the the ore ; i>iplies the conditions ,00 and 
(u) of Rolled to Theorem* 


Then it lnpliea that there will exiet at least one point between 
the points ^a, f aad^Jj r f (b)J t the tangent at which is parallel 


J 

to the Chord joining these points. 


3. fbp laaation of topics not inclu d ed i n the booh. 

He©n Value theorem haa not been proved in the iJCERT book, 
though it is included in the syllabus* This is given as folio us : 


Pro of oi_ } tean_ Value Theorem * t 

uet = f(:c) + Ax 

(a) - (pf (b) , Tadl is f (a) 


where A. 
+ A (a) 


is a constant so chosen that 
- f (Ag) + Ab 



But tin s 
Theorem. 


choice of A makes 



satisfy all the conditions of Rollers 


So <fj> 1 (c) « 0 for some ,o m (a, b) 

Therefore, f * (c) + A = 0 

Blunting the values of A, the proof ir. completed. 


Anal ysis of possible con ceptual. ,er ror’s. 


1, The conditions of Rolle»s Theorem may be misunderstood Toy 
some as necessary. The following examples will show that they 


are only sufficient. 
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sm-mle (i) If f (x) = ~~ + neither oonUnuouc nor 

cLifferentiah-e in j~0, \~J . In fact Taoth f(0) and f(l) are 


undefined. 


But 1 1 (x) = —^£^1*—- , i/hi oh exists m 7°, xJ 7 So the 

o o —— 

x Ci -=0 

conditions of RaLle’a OOheore-.i are not all. satisfied hero. 


K 4 :. 


0u-c still f*(x) * 0 at x *» J ^ a point in the open interval 


Example. _(ii_)_ If f(x) * | x | it is continuous in ^ -1, lj *, but f ' (o) 

does not exist while f (-1) « f(l)» Here &1 a* the conditions of 

Roileis Hheorein are not ajli satisfied in tho interval. Bug 

['unction of course, does not have a &cro derivative anywhere, 

/ 

f-o thci-t for it, the conclusion of the theorem also is not true. 


M 
K 1 


1 

Again, existence of only* one point in the open intervaL^a, tjj; 
be thought to be necessary in the case of both these theorems, 
idle following exa^'L-r. ill conf*„jjj that thin not do. 


druOirpl e (i) If f(x) » x (x~1 ) 2 (x-2)' 


K9 0 , t) K 2 j 


it is continuous in 


t’ 


' f *. ( x ) =, (x-1; 2 (x>-'2) 2 + 2x (x~l) (x-2) 2 + 2x (x-l) 2 (x-2.) 

= (x-1) (x-2) ^(x-*) (x--2) + 2x (x-2) + 2x (x~1 )J 

- ( x ~1 ) (x-2) (5x 2 + 2) 

bo fi (x) exists m^O, 2-^aad vanishes at x - V26, 1, l.M and 2. 
these, the first three points lie in^Q, 2^ 



(ll) 


If f(x) = jx j, a «= O and fa « 1, it is -continuous m 
\jz, fa^ while exists I*) faeoanae f*(x) » \ , 0 

=»—1| i x ^0 

* 1 * £ t i,x) for all x in~|o f 1 ^, t 




fJkLzSSsl - 1 - 

1 ~ O 

%o the 1 c 1 of Ho an. 'tfalua Theorem can he anywhere in*~"^a, fa) 


5- 


Some, Pxoliafal_e_ jyuestxons _on the t*j>ip» 

1« If f (x) is continuous in only the oj»en interval fa 
mil the theorem hqj.d ? 

Ant^s Ko„ f’QjJ) “ 0 may not ©1 ways be tme. 

This can be illustrated fay the foil Ov/ing example: 

( L ) 1 ' ' 

If f(x) *= a*O t fa w 1, it is continuous ,n.(l 

differentiable in ^ a, fa^ , But no < o', exists for which f t (c) =* 0» 

(ii) If f (a) ^ f(o) , there inay net fae any c hotwen j a, fa 

such that f» (o) » 0. 

For example: if f (x) * x ^ a => 1 f fa - 2 r it in continuous and 
differentiable xu , Jij bat there is no m~|l , ;_ J j^for which 

f 1 (°) = 0, for here f(l) j f(2)- 

(ni) Hie carve on the left satisifes all the conditions of Roll eVs 

Theorem but no tangent can fae drawn n&r al lel to 
the x --axis* Why ? 



6 CX 


L 


7c 


tower: Beoauoe this is not the graph „f a function, (it is not singl. 
valued. ) 



: .,6 s — 


(iv) in proving the Keen Value Thooro.;., .ihy «ii«u.u C^J {x) be taken 
in. that particular? i .. 

i 

j^jS : This may he only hecanoe it gxvea the Uc jmi result* In fact, 

for proving ilean Value Vh.eores.ia of higher oruor , nty tho one 
* 

of order h, dj:> (...) is token a.* 

f (x) + (b-*x) f 1 (x) + (h~ x) *' f * * (:<) 4 - * * * »* 

' Jtf ” 

+ (b-x) n 1 1 (;:) + (b-x) n A, 

• C n ”i > 1 

vhere A ic a constant so chosen that 

fi) - <£> (-)• 

From this tho final result, naneLy, 

f(h) = i(a) + (h-a) f T (a) + ( h—a)*‘ ft t (a) *4 + .*«>* 

i-*- 1 (a) * 0 4 ^c/b. 

( n-ij f !il / ^ ' 

4 * 

car ho derived* 


Necessary modifications are to ho made (topcnuing on tho order 
of the theorem, 

6» Barichinert Hate rial, 

in the lfean Value Theorem, if h ™ a+h the theorem roods i 

- f T (c) » vrhere a a 4. h. 

So t c i car he replaced hy aH-fi-h, where 

Honour (a + h) _ f(e.) + h fl(a + gb). O < £ /l which, 

if. an equival ent well- known fora of Mean Value Ihcorew. 
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t$Ot ~ 


Application of Dcriv^n 


v«i« 


1 ) 


Motivation of the topic 


, ituauofb * t ««*** af which are 


«n then remains 


In our daily life, we com® ’ < * *■ 
enumerated in the following: 

i) The height of a person increases unto a 
Constant; 

ii) The physical strength of a man lacrra?* ■ 'apta a certain age and 
starts decreasing; 

iii) If a particle is projected, upwards, it r'uchv. a- fert&i <» height 
and then falls aovnawards till it rnachen ’ h*• 

iv) When a train starts from a station xtc v*.loci tv *** mnunlly xncreae.es, 

after which it moves with constant for : omotimi* diwi then 

gradually^flows down and stops* 

In all these we find that a particular quantity menhir, decreases 
or remains constant as some other mUiy changes. In th< two cases, 

the age of the person in tho second quantity v ,xch nrrmwet.,, rh.-mge^ in the r 
first, while in the last two, time is the nuctmd ureducing **f fw«tr* on the 
first. 

4 i y t ,|“ 

These changes in the behaviour pattern*' of tin. l '* ‘ quantity effected 
hy changes in the second, can. all he explainer- if in . in looked, upon an 

a function of the second and its derivatives with r..t poet to the* rocond are 
carefully analysed at various points. 


2 ) 


i) 


Brief Outline of the Content 

Derivatives have been applied m the following car urn 

To determine the equations*, of tangents and normals to a curve at 
a pointy since — ^ measures the slope of tho tangentJ the tangent 
(x o> y o^ " fclie Curve y * f(x) has equation 

^ V- f ' <? D ) (*- x„) 

while the normal is givep by 


y - y„ « - 




Cx . xj 



To determine whether a function is increa sing o-r decreasing. 

If f 0 T the function £ {x.) increases a.t x ^ c, g, g , 

f (c -*h) ^ f (c) f (b -+- for sma.j \ positive values of h* 
Similarly^ if f (c) decreases at x » c ig.f (c-h) \ 

f ( c )^t !vf ( c t h) for small positive values of h. 

To determine the rate of change of a function, for any particular 
value of its variable* 

doc 


Thus m problems of mechanics, 

rate of displacement at time 1 1* t while 4*^)~ ** "" 1 • g " 

dt 


measures the velocity, i*£the 
d / docs 


2s 

al 


acceleration, whore x moa ures the distance described by a particle 

Of 

in time ’ t’ . So the velocity increases decreases at a point 


according as 0 there, 

dt 2 


In tracing a curve, the sign of at a point determines the 
upward ayp downwards trend of the curve at the point. It also 
ndi&atos whether the curve has a tangent parallel to any of the 
coordinate axes. 


Explanations of topics not mentioned in the book 

The differential of a function y = f (x) is defined as d£ = f (x) ^x, 
where A x. is a small change m the independent variable x. If 
f (x) = x, m particular, this ‘gives dx - ‘ 1 . ^ x* In the UCERT 
book (Page iQ/;) , it is only stated that dx is also used to denote 
a small increment ^x, but no reason has been given for it, 

dy differential of y 

Derivative of y with respect to x is ? therefore, rg- - differential of 

- H 

This is not indicated in the book. 

Similarly, the relation dy = f (x) explains why f (x) is called 

- ' * , i 

the differential coefficient. , This a|so is not included in the book. 



Equation of a tangent is given m, ^5 CPa«® ib2 f 

NCErff book)» But this a«to^uiJww th*> t«nr**«i »nl y if * < x ) i* finite, 
i.e. when the tangent is not' parallel to *b« y - «i»* ria«« curves 
do have tangents parallel to the y ** *xi * t*** 4 pn C 0 rhould he 

rewritten as ***■ 

_1— -( X, — * < ) 


y - y 0 » 


r r) 

i ° 

or . ^ ' y o^ 3T" T » (x — x ) * no that if if, 
7 f(x) o' 

° 1 

I I I _ _ » _ _ _i, * 


t tMSj^ur.t U parallel 


to the y axle, when. 


O t at 


equation x. 


# e«S V J 

ft 


r' ( V 

is in line with equation of a lino parallel to tho y ~ nxi'~ in 
coordinate Geometry. 


This 


For the equation of the normal, howv^r, hr c$n <* f 
considered. 


been 


In dealing with curve-tracing (KCERT book pn^*r l!6 ttc ), ; y woe try 
a » ut only the origin has been considered, %\i lu raanv os the standard 
curves arc symmetrical about the coot 1 1 nalu tx< , , Us** tracing of 
which is not very diffic.*j.v, i w <' rl*».wh» i;„* r a <*urv< in closed o|' 
has an infinite branch, has also riot jm.h di“m.ar- a. 


Examples: 




2 2 2 
~x +■ y * a 


ni) y 4ax etc. 




1 


For this, we add the following * 

For the curve (x) y = 4- \7 2 2 

— V a - x 

Therefore )x \ £ J a| i.e.. — | a { </ x X U[ 

Again for any admissible value of x, y has two valuer-, < qanl in mag¬ 
nitude and opposite in sign. This means that the curve in symmetrical 
about the x - axis. 


Similarly, from the same equation we obtain 
that the curve is symmetrical about the y ~ 

X ■ ° 1 (sb y * ± a « 4 j-« 

curve symmetrical about both xho counximto 


x m Hr* \ / 2 

__ •% — 

uxi © unti — 


60 


y 


Hr tt, eo thi r i«* a closed 

I f T I 

*ix. cu -4i*l contained -/j' 



wholly within Lhe linos x * a, anti y 



The curve (u) will* similarly he a* closed one . 1 having symmetry about 

•t ■W 

both the coordinate fixer a > 


For the 


x 



curve (in) 
accordi ng 


, ( 

as 



is 

0. 


a point on it. Vie have 
Hence for a particular 


2 

■yr — ■ m d- ■ t 

4a 

sign of 


-_po 


this curve lies entirely on one side of the y_axir. 

Again, y = + ax implies, as above, that the curve has symmetry 

about the x — axis, y has a real value for all these values of x. 
Hence, the curve extends to infinity. 


4® Analysis of~possible con.cepxu.al errors 

i) The fact that f (x)^> 0 implies increasing nature of f (x) , mhy toe 

misunderstood as a necessary condition. But there are functions 
which increase at a point, oven though f 0 there. 

-» I O 

Example 1 ; If f (x) = x”', wo iind f (x) =* 3x^ which vanishes at x = 0. But 
f (x) increases at x =» 0. 

- 

t *3L 

Example 2; If f (x) « 3\/ x , f (x) = —^ x - , which does not exist at 
x = 0. 1|eru also f (x) increases at x « 0. Similarly, if £ (x) -^.y ^, f (x) 
decreases at x - 0, though f (0) » 0, 

ii) Though dy is taken to measure an approximate change m y, it never 
measures the actual change. 


5. Discussion of questions that may be raised from the topic 

i) If i h neither positive nor negative, what happens 7 

Anr. ; The point where this occurs haf a ftationary ordinate, af it can 

neither increase nor decrease, if ^ exirtt there. In fact must 

then be, zero. These are the points where the function may have an 
extremum or a point of inflexion (depending on the values of the 
higher order denvativea), Geometrically the tangent to the curve 
at this point must b©, parallel the x - axis. 



If however., doss HQt Qiiut at t&n point aa ipattgetfit can be 

drawn to -the curve y *> f (x) at tfcm pointy But the nature of the 
curve before or after tlv soj at ^armot bo ao^ftriaiaea. 

If ^ is non—e3d,btent at a pornt but undergoes a change of oiga 
as x passes through this point, what happens ? 

The function will have par exfcretmm at this point* It xo maximum 
or minimum according as the change of Sign is from positive to 
negative or from negative to positive. 


The function of course must have a definite va^uu at this point 
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uteoKr -OP gouewjX 


i. 


hojiyp-tion of the Topxc 


btudontr. have loomed in thuir pmviou*.. clnJun* do ? 1 *j iud 
iiho solutions of linear equations such ^ o R ^ % i " n ‘ -n.nltancous 
equa-tianc 2x + 5y * 7 i h* 1 GVCU ^ uiuuUolu, cu the 

3 x + 5 y « & 7 

type % - $x + 6 IP 0 (giving solution., ;; ** jy )• However, m th,< 
caao of oquatioao of the type •/ + ?5> « 0, x“ + 16 » 0 *»■ . + i *> 0, 
x 3 + | > 0 they cere unable to find the complete uolutven (ol 1 eoJu-tiou^) 

[l 

at all an real pnmbera* Ey inning x“ + I « '*) f «*. flhV*• 

•i 


2 





x « 

Students arc not Italian with the square root of a hhh<\^vi • In fact 

it -as Leonard Baler (1707-63) ’'■d* 0 *. wtulo attesting to find the salul, r \ 

of X^fai m O > inr^i c £X.u o *■ \/v.w_ .h * " ! 

symbol i w\/ P “T V » ‘Jtth the help of this symbol it beetle ‘iqsliuLo to 

egress the ' olutiono of tho oquatiou a. *» i r -i* The introduction. 

of this symbol *i* has thus led to the c.ovoionmont of the thooiy of 

complex numbers* 


2. Brie f O utline of thft contents 

For e ary t.jo real nwo.bere a and b vro can for..; a number t „ + rb 

known as a complex number, Tne set of all complex numbers is denoted 

by c. Usually a complex number is denoted by a s a + ib a is called 

*) 

the real part, denoted by Re (z) and fa tho u^inaiy pant of Z denoted 
by la (z), Gail Predrich Gauss (l777-lG55) introduced the ter i 
51 complex numbers”. 



jf Lu b T 3 ' oh*.* ,, > r (yh{ t l/V ct of ..'ouL nu*<nieAi.* 

[Jhou ix ~ 0 the** t - r th ihthh a surely ‘ .-/p in,.y number, if 
both w 0 all 4 ' e-- 0^ fn vhc UU. ■ vXj a. *^p ** ^ ^ ts Q. 


H j r. ('Vi* .,*t Xv.i rny nui.uur, rhet.ier pueoly j u.c/.xn^uy or 
purely /fiU > < i- ’v* cance; tHi*i ax. « oil)! ox uuhi Jor ; Thus ft(^ G, 


‘llae 

COil^U ,i-tc oi 

ftd nX 4 * \j it * 

'iCf 

xnf'd 


Ah 

coi.pl 01 1 

4VI , * «* Hr 

iy 


in 

'/hat 

’,/ aC. J Cl 

ih> ji.r^/au< 

« 1; 

{7l\« a 

to 

the 

"1 rk , P i *v 1 * * 

^ a ^ " 4 *> »w*» ’ 

th* J ;ye 1 

JU 

the 


Tliu'.i the od. -iXo^ liiin* \. t* v u,y iH co*i%3'»* ret* <x ord.ox’0i p*i j 0 n polai 

reo re/ .oni»o t * oil y • J. u uv ol’li-JiuXi ; r pull#! a* x « ~ oo; 1 1 *- j 


y « r • i.*i 


WU i i,# w X" ((’O* I + •*• 1 •*•• 1 ) 

f ' 

t rv 


11 / U- OV.U-'Jift l 


h = 


f r *1 M (y/ „) -L» 

1 J 


^ * » V 

^ 9 ** 


~ •..j*" 1 (y/J< 


For 


Fne value of {Q_ 


rhor* i in *'J :* <„ th«, of h t'Jn. a. ft noted by j&j , tsdd 

^4 ii lam .i! . *•■• -. t T,u.icni ■■>:' the mi.ibc" ;ju' is tUinoim "by cxs> Z. 

" ' ’ V 

7“ ‘ ■>- 

'* H «“ •-**’•' 

| Z J :c fcrhe lh >j xt'Vv v,iu« of :c" + y 
.i^vj-lying -’'/^ f- a! /] x' ki*o >11 a the ormexoaL areu.ient end is 
clenotoc by ^rpy >Jv !A y cj.rut.x hui.ocjl' represent i a unicfuo point 

on the memo :nt» , v v, pmnt uu the pJL:n 5 /%orre;i>onds to a unique 
comoIoj: nu.tbe y fh. >iu.e r, celled the or th ° — 

plane .Xtc,* tdr of the French . «r,tUo i/tician J . id Arc one 


(l76d - IX.), 



-t 


j * 


^nation of technic a / I at he .r.ilc.JL f/'r, 
not omiainct in the text booh* 

^ to « i. » 'i •- ^ a* m. m t*» t%. ip rtl 


Jhilc intro itucing the polar rem* • f uli,v, «n» ft*f 
numbers for tho polar coordinates (v, ) the f *ts i.ach 

that 0 a L 2 7T (iixt 2,3 oX’ IJGSRT text booh)* I h> a*vnr t ihrihor 
on. in the text tho value of fur the n 'tucnri Vutu>„ di ;ry, z 
ia such that - 0 f £7*^ 7( * The ranges fo” the v*lu* ». of f*et either 

N, 

cne.e cla not differ. The choice of Z th« nnhu^ J, vane 

nuch that — ft <£(y /^vy bo treated i\, couvr nt - on cl* 


4* idtomative ewfor ^.roud^ u‘ e; s y, ( in i iecueuu^ 
uqao aub-tippiQu. 


1* Instead of using x, y a. independent vxruidor <o may 
introduce z and Z as ti/o iiK^pcndoul v,.ricbl . ,dx results 
may bo obtained in toruu of Z end Z , 


2<, 


To find the square roots of a coition fiu.nbor of tho form 
a + ib instead of applying Do Momma, theory. jv c.,. e;:irnct 
the square root by mental arttmiotio oi a y. Tho method /Li L be 

clear front tho following examples, 

* 

SSfSkS.* Jjfek.l Find the square root of 

7 + 2^,1 * 

7 + 24i * 7 + 2*4.3i - A Z 

° + D 1 )^ 

' ’ - (4+3x) 2 

a \/ *7 + 2 'll * = ± (4 + 31 ) 


An 


i - c.. 

1 ~> +'-*.» 3i 

,2 


+ *-, o 3 i 



7 s— 


Fiuu tn. ^ :joI at’ 


\- *0 \f,i. \ i , }hcr«. .. x-i xo 


‘SI/.* i 


1 -t- hX\A. 4* 1 


f-M* » jjf 

I J "f ^ ^ X 


/, \A 4 I '•/ r n 


-L ( /•”"*** + A ) 


JUiothc;r jbjit>>r. j*V > yi t y-ii*... tju^ . x^ui’c 


S*'ih*«. lh< -ar < r- ft x. f 4 r - x 


iiC tl \/ [ 4 x »-t -i 1 y 


*4" i £ 


y ) 


+ -b. ay. 


Kfx. tsi* 


„J !•«,,!<» .*•*? '*'• -ft. .. 


( * * * {t } ul*< i .,/ 


* H 

** f * 


y ) ^ (*■ - y' 2 


7‘ + (* )“ * .9 + 976 - 0 -9 


■+ y * r * 4 y ■* * 


* 11 

(Sxnco 'both x r oral y^‘ are + vo ) 


Adoxs ” 0 ) ( ) 


< *b, ^ «* 


'oU.btj'i.rtJ-*!,' , T 


y ^ x a 


X‘~ a* 16 
:: ~ 2 : 
y : - 9 


Bu l :<y -- x „ 

13 tcJoL x, y t.> hfcittfi the- i.iiii.t axgn. 

]2i thex x *. . t y * „ «?*•* x «w —<>;, y » -~J>. 

X/TTTTr 


y - 4 3 


± (> + 3i)* 



5 



'The varaou- concepts of * ■Co,.?*', x ..u .«*> * • -* to be 

ei.ro hneiz ©d. to tho toiicho x ** *u ai* om*. ««. n *!<«» **• ,rcw 4 *<* »rfti 

-s*- 

luted belo r ; 

(I) m the cjgrcr.Mou x + ly the ; a,> 4* ■ .>•.. iwt ii*uic t V, 

addition as understood try the* <"%. u,x *a«,*j.* r, .1 th* 

; t „ 

egression x -f ly nieniu x rct-i. umi, ».rh r^.-brnc i 
in order by y mu&giua-iy unite to ^ut **. a-^u-x hu,.<b«*r 
Z « x + iy* 

(II) If a + lb - c 4. id, where n, b, c, u t .r< ?J nu..d*rr.., 
then n «* o and b * u, 

(in) If a -v- ib « 0 where & and b are rout uu-HOur., tin ** » o, 
b = o« 


(iv) The modules of co^lox number d * r. 4, xy .-.houtu U. ‘Wum 
to be the positive value ofy^ "" y"" ' ', 

(v) (e.) The iiiotiiibfcs of the auui of f_ny number of 

number^ is less than or equal 10 the t u M of tnoi'r .noaUJL^., 

(b) The modules of tho difference oi t ;o cOi.^rlex nuinbcie 
10 greater than or equal to tho difference of their 

moduli . 

* 

(o) The modules of the product of any number oi ro.,plox 

numbers is equal to the prouuct of their u.ouuf^dn d the 

aiiiofitude of the product is equal to the su.„ of thoir 
amplitudes. 



' -1 49 t-"* 



(a) The moduli of the quotient of two coiopl ox numbers 
xa to the quotient of their moduli (provided 

1 

the denominator ^ 0) and the amplitude of the quotient 
XS equal to the ’.Lilferoneo 01 their r-nplitudes. 

I 

<jfa 0 principal v t -lu-> of the argument Q- shoulcl be as -'ll C u^Il, 
Unluse oUicrumj tinted -/n mean' the principal value of the 

r 

argument. 

f~k 2 

If % ;; 41 y i *' a consol cm: number, then r ** x 4- y 

and the amplitude 0 should be determined by thh ecru at ions 
coo 9 - aid sin $ « ♦ I* wo consider 

A s tan ™ 1 (y/ ) only, sometimes wc may ’nave a wrong answer. 

' is ■ A 


(vn) f J3io numbers x and u have a unique charactonutic that each 
j. .umultanuouiJLy additive lAvonsc, .nultiolxcafivc mvorso 
and th« con jugate of th other* 


(vm) 

(ix) 

(x) 


(xi) 


integral power of 1 in either +x or «1 or +x or -1* 

integral power of (J"> muut have the VcJ.ue either 1, U> °r 6-> • 

: reel number:; arc ordered. But the coiifcle- numbers are not 
lured i.e. if ^ and Z-, be twb .omplox numbers, we oannot 
r whether ^ % or, ^ < Z ? (the c^o of equity hao been 

ocueced m (m)^ 


There is a ono~*au correspondence between ordered pairs m the 
itrganA plane and complex numbers, but with a polar representa 
tion the one-one eorreopon&enco between the points (r, ) 

the polar pi one and the corapl ex numbers 6dgq not exist uni 
the principal values of 0r nrc considered* 



fr 


d It V - i *— 


1,1 ^?v^ ,, ^^ r ' l '"t'"" I^w viwrL^ ^ a i j aa^ £Pi > 


jTCTSjkJa^, *''•■" • t • 

| -£ VnC;in ttAia^^A J.. - -*J *—' i: - -*~ :i - a -— 


iw- w *# i«. 32Jw^«i JXk^Jti 


j) in finding ths raxuius nf • ^f,p: * ■' t »" : '" 


V* 1 m 


V.t- irt-r'isjula 


1 *1 H j 5 

M W >f* T * 


| _. + y^ » > omotir«%'‘ ta«>y r **Y < 


, t n'v.fr. iU 


V/ w ^ I 

hjlT** tan 2 3*^/ 


5 * 


4 * on 


Mil be da^c from the fnlloviK* 1 6v<Vw v "’ ^ U ' ^ 

tiiQ modulus of l + i tan 3 / 5*1 * 

If wo take 1 + i twVs it,. «■■•» * J » l » v : 1 ! ’ ^ 

If we taka |^| =* + 

\i \» +'« 3 / 5 it 

which if a n^stiva quantity, ait |f\ if '*t n -‘ ! xxv: “ l,snC8 
the correct answer sboul.' It - 3 ^ . 

Hence to find the correct value oC 


^ | > v:o rbould ufo 


J2j - /^tv‘ 


b) ^galn to find the r-d .<nd k. .in 17 pxt' oi b.t cot.<pl^x 
number 3 + i/^2 j or>»■ iiit*y tlunx u «* ** i*^ii j h **' ^ ^ ^ 

it is not. It should fir rt bo expru* s*,d n 


i>It*h1 fl Nv rt n.l SWV'.i! ft ll n't •*. . 10* fj» I' h 1 h * 


I 11 (<H ■* fc "■ 


19 , _3 + i^2 a 3 + if2 Cl) » 3 + ft x/ST 1 (Taking i 

= (3- 7 T) + i. 0 


.J3) 


, Real part of 3 * i 715 = 3 -/ 2 ' 


and imaginary part = 0, 




To find the argu.m nt ^ of a, complex number = x + ly 

xf wu conMu< r <n»ly ^ -* wr 1 ('//^ j foien wo may have 

a wrong aurvac, * rrum< nl ip bettor to 

* 

consider oot; A* a ac/ and uu f/ « y/ r * simultaneously 
where r is the m&dulps of Ipl „ This will bo clear from 
the following * xUT.pl* 1 ; 


(i) Fi.at tin principal vain*- nf tin argument of 


d) 


V^P * 


7,. t 


" 7 

'L 


i/ 2 1 01 x + x y 


'* x * " 




y ** 


-rv. 


If we b lV- fi ®= Via (y/ ) 


. ~1 

«= *fc $U l v 


n - 


f f 


, . ^h* j t priu^ip id value in 71 / 3 ^ win oh is inco -uv ot 

Hew j / j— !(-'■)* <• (py ? ) 2 - '1- 

\ ‘T-* 

^ * 

■ ‘*M 


. u td : 




* , Tin argument m ( 71 "* V ^ ) /' 

' * Tin- principal value of tue argument is 

t V ' 

-2 ry 3 ) = -2 V 3 • 

which In the correct principal value of the argument, 

T 

Souk t*. mlnr* m sy have; the idea that -i ir negative of i« 
This x , a conceptually wrong idea as i is neither positive 


v_ 


nor negative. 





Gaps in the jCg toct 


(1) 


( 2 ) 


ill though 1 Laplace IXj 


,/ i, si i Kok«. 


to bu valid for iirtt-grol * f? *j.nn it h «; tot es* wrattu, 

til the NGJSHT tu3ct booA (Art -1 - v'^it it* 

desirable that clear wtat.,,.. ut ni' lb%*> »u?y be given, 


i r 

a/.' (ct / ^ > 


J J 


' 'of a J + if, -.' - g , 
in linear i'uctors at*, gtyen below to* i«tr*j>u&uw 


^ $ 1 

».<« r l* > c - J abc 


a -v b 


rj, 

( i + to) ( i + *wb } ( i + w* h) 


i i 

a - b *> (a - b) ( a - wb) (a -* >c~ nj 


2 


3 3 o 2 

a + b + c - 3 abc * ( . + u + r) ( & + In-* + rvt ) 

(a + cw 2 + cw) 


7. 


. fc . 3 ^ . 3 ^ 1 ? 113 S£. Eqme intogestimr qu ur.tlnnn that m,*y be nrfcud by 
tKe_teacher& to the rosonre, n '^:,"~ - — *- * -- ^ 


(1) 


( 2 ) 


purcom 

why - Ji <. n. ~^ i t ; a'*u „u the print ip ! il value of 

the argument ? VJhat is the harm in t tkeang thi principal 

value of the argument to be 1 *n ^ . 

■—■ /v, ~ (y K 

aii be treated as a convention. There is no harm m 
taherne the principal valu(J of the lrguslCilt to b( __ Tv . / t>£/i 


*l +iy l OB* Sr 2 - x 2 + iy 2 

y l^ y 2 , ' then oan w ® Boy that ? ^ v 2^ 


such that 


x i y *z ’ 


The answer is " n 

The complex numbers are not ordered. 



1 

The jupguiittut of x + iy xi, defined to bo 4<m (y/ ) , 

X 

then whxt i! tV,' * 1> ,d' '.reumimt of + 10 ? 

In fact xt i; a. 


Dii.curr XOU.O of uouir enrichment material;:, m the topxo 
which thy l< ip horn nv nupporeu to know. 


r 


If \b \ rile --16. (~4 » (-16) X (- 4 ) » / 64 

N M > \ 


» 0, an 

error x; < ommitted, Thxr. it, ,m incorrect result in applying 
the j'oixnil *. /T * which hole- good only if a and b 

are both poiilxven or out it negative, I^Tdoce not hold good 
if 1 n.u n ire both negative 1 i*e. if J~a" and J b arc 
inu^iii try ie aberu. To avoid this- difficulty, we should write 

/ ■"- I V - 

the v xpr- mono of the form /^T>, bp>0 ^ T1 ’ tllG ^ orm *- 

'j ^ 

lx for- 'my ithein itxc.il opirvtion in that, ' s 


Hod number . y.,V.n x: nruerocl* Complex numbers are not ordered, 

w | 

fL*' in the j yt t< -* ' "* nherf.* cun not ray that one 

complex i , 1 * 11 . b' r it greater than or leen than another complex number 

The integral powers of 1 may have the value? + 1 or, + 1 only. 


1 

1 

3M 1 

. 1 

-1 

1 *5 ■**1 

i “^ = 1 

2 

1 

ES — 1 

i 4 "* 1 - 1 

^2 A 

1 wz — I 


1 ^ 

w ** i 

„ Asm 2 * 

.-3 

1 W 1 

.-( 411 * 2 ) ^ 

x 4 

S5 1 

. 4^t3 

X « "1 

x A =. 1 

^-(4**3)^ 


-1 

-1 

i 


whcri 


in iL an integer 



wer 


Th- intvgr.il r*o*n»r* w i * u + 
iu 4 * 1 


u jU w i 


w 


y t J ' 

*!„*< « 'if , u 


X f ' -ii. il i I iit d '■ f’vU' r* 


1, Wj> * 


5>f 


7 


Countruction if or.i (**r .vm * i *\» - 


(if. po* wXOl«:i) to t< ;'l t T* *rt J ' .1 nr ' 

>V » ■, ff 's 

1.7.:... ....,: 

f 1 » 1 ' 5 1 '• ► i 1 Ci , » 

Explain th*. fallacy «>f in. I 21 'vi w 

p 3 ^ J 2 ' 

r 

;?u have an iff, utiiy 



1 x ■■* y a <■ -(y X) *8. i i v 

\ s’ 

*■ 'w-w 

- $ 

.... (1) 

W<- pvt X ® a, y * 7 t w a * 

f w* is 

t . l< ir* unequal 

£L — b >«r A ^ V -* ; 

SI V 

is * 

« . ' i« r iS 

4** 1 * S'* li* i> XV &1* 
t Xk ^ (2) 

* j « # \ V* f 


Ag<~u,n m (l) w<„ put 




v o " 1 «* 'i. ^ a - b 

Multiplying 0a) and (j) to* a o 


U) 



b x 

4° 

“■ ,i » 1 

a 

i 

or 

1 *» i 2 


(cant 

'ii. 

li *4 At ( «fcj 

or 

i 

1 ■* -1* 


f ros'i 

loth 

(l) 

When a, b are 

r^al number: . 

1 


then either 

a 

b or t 

O a 



and ^ b ~ % 

«• i 


l,i 


r * ■*?*»*' H.I 

h 

H t !. 

V 

-T "* 1 ** 1 ' 


Vi 


f 

if 

f 


* * 


D "ST 


J. 

X JD 


v* 

Si 


b 


cannot hold simultaneously, 




( 2 ) 


Hence* Vne fallacy, 

WVnn a md b arc both complex numbers, in. that narjo 
( •?' 


both ( 2 ) aid ' - 
complex number , 


% 


a r amultaauously as for a 
gives multiple values. 


Hence the fallacy. 


Prove that for 'my two complex mm oars 




2 ‘ 


He / 




R. 


1. 




Oolulxor* ; 


Re 




/: 1 . 




Zi + Za 


w 

* * 


R. 


/ *4 


A + 4 


V 

Ru / 


tr '4 


\ 



zr 


a ^ 
1+ t- o 


- + 


/ 

V. 


A 

,? 

*«**■ " * 

t .l er 
1 1 + 2 


-n 

^2 


U + . i2 




\ 


fcf £ 2 / 


+ x 


4+ % 


?. a + 4 




>: 


^ rk 


£l + 4 


1. 



— s3&i 


Proble m; Prove that ■ ue Xrxuti&l®- wh^r^ v^rtS <'«r ar*» the 
point© 2^ , 2g , 2^ on ihv kvf «uui at ^ : ' ’*** r -‘|a4lfttemal 

-1 * Z 2 h + 


triangle if atnl cn^ x , > 

, * 

2 

?* ¥f 

***' 

Ana: 

The lengtho of the hitler 

sr* I 

■£\l ■« 

Since 

, the triangle ir. an equilateral 

t ra 

[V 
= 1*3 

h\r\h M * * j 7 - 

»&•••)» (A) 

- £>.} 
9 1 

f i 

t 

Takin 

b first iwn, |z x - 2 ? j^ 

“ | ?V 

~ t 

-L. & G 0 

( (Z-^ ^ 2 ) “ 

/ 

\ ^ S #x *"** 

< 

•> 

Tft V 

■*' ! » ■' 

or 

) 

7 - ~ Z 2 Z - 7^ 

*1 ’ 

1 

v% 

•«V 

fj, 


irf p I * r i 


r/ 

r '« 


H,f 4 


-z. 




jf 

£ 


/ »t 

* -% 


Z 2 • 7 


*■# V 

. f 


5 




or 


l! 


4 

d' 


Z. 


z 


1 


z rt - z 


^1 " ^’3 


* ft » • ^ 


( 1 ) 


aim, we havs ( from (A) ) \ z 2 ~ 7 \ 


V 


Vh - ? 3 ) 


♦ 

ft 6 

(Z 2 - z 3 ) (Sg - 

* 3 ) 

C fi ~<, *" 

^ ^ *'“* 4* x ^ *#«*» 

Multiplying ( 1 ) and. 

( 2 ) 

together, we 

get 


( 2 i - z 2 > U 2 

- Z 

3 ) “ ^ Z 3 

2 

z i> 

or 

; 

Z 1 Z 2 - Z 2 2 ~ 

Z.,Z 

1 

s + Z 0 S, ** 

-5 e j 

z 2 ^ 4-''a 2 x - 2Z }j Z x 

or 

> 

+ 

z l + Z 2 2 + Z 2 

— 

Z 1 Z 2 + z 2 2 "’ 

+ z^z x , 

Conversely 

P P 

given Z x + Z 

a + 

Z \ - Z 1 S 2 

4- Z^yZ^ 4- Z^Z X 4 

or, 

Z 1 Z 2 ~ Z 2 4 - Z 

2 Z 3 

„Z „2 

- Z 3 + Z 1 * 

- Z 3 Z 1 



r>r 


„ TJ rp- 7 V + 7, 7, «3 K , ■+■ Z-1 2Z-. Z-, « 

"3 1 2 -> 3 1 3 


„r (Z, - K 2 ) ( z 2 - ? ' ” fZ -S 


(i) 


; 


P * 


£ 

{\ - z 2 ) ( z 2 - z 3 ) = (z 3 -\) ■••■ (4) 

•) 


I If* - z x z 2 thBn « - h z 2 i,c " 


Z.Z^ = w . 


< i c.4* 


Multiplying (3) and(0 together, l«< ‘ I c 


i, o< 


0 

4 4 


„ 0/ - J (Zp “ 13 ^ Z 3 ~ Z l‘ ) 

1 -2 / X “1 2 ; 2 
2 » 2 
‘ z„ - z.l - l z- - *- 


(a, - Z,) (2, - V t*2 ^ s 3 ) (Z 2 “ Z 3 


“* Z 2 


Z 1 ~ Z 2 


3 ‘I 

2 

Z 3 “ Z 1 


Similarly 


J 


| 1 Z 2 - *j[ 

II 7,2 ” M 

\h - hii z i- z A = h~ z i) ■” 

1 * I o 


I 

lV 


.. (5) 

2 


ana 


Z-a “* Z-. 

3 1 


Z 1 - Z 2 "* 


|^2- Z 3 | 

2 


( 6 ) 

( 1 ) 


From (7) 


Z 1 " Z 2 


* ' Z 2 ~ '' 3 


I 2 * - ^ 


" [ I - 7. 

5 


Substituting in ( 6) p j 

| z 3 - \\ - | k 2 - b\ 

^ z 3 “ Z 1 \ “ | Z 2 “ 2,3 I ' 

Similarly it can be shown from (5) dn4 ^ 


z 2" z y, 


) 

.3 


\ 


Z 2 - Z 3 I " | Z 1 “ Z; 


Hence - Z 2 J - | z 2 ~ Z 3 | " I Z 3 “ ^ I 

^ rrt 


l.u 8 


' „ n 7 , xs an 

the triangle with vertices \ , 3 


equilateral triangle- 
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SET S, . R HjJkTICKS MiU FUUCTXOBo 

fc-.nw i ■* uma -.ims JK-rf *■ a*. ■«! « *m *■*< *• Jt» at ^ >» _*r # -n» t 


1, dotiVation of tho topic; 

The c one opt of ; fet t uv& ho jaotivat* i by ^oa^xt^rinf, oaUy life 
situations, iiany tii.iei, w? talk about ir eiuto. * political 

partners, organisations, institution! «n • yn, At I the* » art. 
oacsuiplos of cot:-, fro.. xh&.uxti* &i point of vu j, ^ *n , r-.oR cart be 
a iiiembc/* of a political party and aluo a of an or;: am station, 

AL 1 thcae oxai.<piQ« Hiotiv&tn not 01ay the cometst at u rot but <JLso 
tho concept of membership, interaction of t.t© * et* , disjoint onto 
etc. 


Sometimes ;o talk about a not ol booku, bunch of papurs f tea 
-set -te. In nucb canes the n leaning of act i. l 0...0 ,0k t - * ft: rent 

from the usual tneaning of oet wu oonniacr from mufheii&txcaf point of 
vie n 




ino concept ol * Red o**‘ .. lv y „iot*vat< 

uauJL i'datior& a r ■ family* if x ana y aiv t ;o i.iembe ra; of a family 

/n 

then x can be «. sister of y or y can be a UEUghter of and so on, 

I £ tIlGre ar "’ 200 frillies m a village, , m may define the 

relationship between t,;o persona if they belong to a unique family. 
Thio relation m fact is tut equivalence relation and th.o equivalence 


ciaasea are the families of that village, 


Hae idea of a function may be motivated by considering a set 

and a set of birds. Every bird has a unique colour. Thus 

lf * iB a blrt then the °*-<-** of X may be derated by f(x) or o(x) 
or any other convenient syinbql* 



<] 3 io concoct of bm&ry operation an a. set way be motivated 
by consiuomno the usual oporations oi audition, ^oiltipi r cation 
etc. ihe folio.a.51$ t :o r** -ti'?. ‘ail aL^ be useful to unclerstand 

the conccot. 


ijn i, U be z. utiivoivvi set u,o that the other bets 
wit; oil mu;>s;t„ of if. Given any two cotf A and B ./o obtain 
^ thiru not »*ay A V 5 - Then intersection a 'binary 

operation on U. „h.pi. ^ 1 *. a function from U X U to U, 


/ the wt a of all statements • tfo know 
that every li) either true or false hut not both. 

If *> <„ **r< t n stutcwonts^ihon p or t£ its also a a tat ament* 

“Thu;.; 1.; 4 Dinar/ operation on 0 . It is gonorally aenoted 

by V, 


# Bri ef CMUinc. of th^ COtl tcurt 


m the bootv, 1? ^ . ** 

result a concnnu.*,; then >> 1 ike 
of union :ii. intornt-etion of 


r>jj nation on nets arc ucfirtul and some 
/•n.mtfcti otu uuso01 at 1 vo properties 
sotSf Do inrgan 1 a la.ro etc are mentioned. 


y.-vl, the definition!., of «a binary relation R from a non-empty 
act A to another non iv.pty net B* a binary reLation R on a non¬ 

empty .,r-t Ji'f have Wen given. The ueiinxtion of equivalence relation 

on a - et comes thervt-iter* 

Thu iuu oi fuactxonr or mappings comes next an a particular 
erne *f « relation. Here the difference Between a relation R : A —7> 
cUiu a function f : A —^ B has boon .*«ade clear. 

Next, the idea of binary operations on a set has been dealt 

with. 



-- - 



Explanation of iectoioeiAiathamatiK^ torus not p%erLy 

- , — - - ■ ■■' " i ' "i r_ "-' '* •*' * ■*'*" * * e warn -** ,, «w**J-*»» -*,* 


explained in .the toxt books*. 


The definition of binary operation in given on p^v 13 of 
the book as i'a map: A x A B is called. & binary operation in 
A anu if B C£a, then it is said to be cioi&d uxlh reference to the 
operation. ” 


But, this definition is confusing anu ;® think that the 
definition of binary operation on a non-u^ty gat A car bo given 
an a mapping from A X A A* 

4« Alternative easier approach, if ary, in tasmiling rowo 
subtopics. 


On page 9 of the bookj the definition of injective mao 
f . a -p B is given as follows ; 

' X ‘2 (zr Xp liiipliou 

f ^ ^O 1 ,) 1 thou f t.^dd la bu an inject ivo 

function, or one-^one function. 


Her® vie like to mention that m solving problems *jhere 
injtctivity of a function i& to be tested, it is ..lore useful if 
fo jP- 0w the definition as : „ , * 

ft i^e((cTV £ ; ^ -->J5u 4YjCd.i< 

f d) - f (x 2 ) ^ . x 2 

For exa-pie f(x) . 3xW? IS injective, since 
f (^) = f ^ x 2) 3 =^ - 7 rn 3x 0 - 7 : 

V” 3X l = 3x .? 

V 5 ^ - V 



* 


- to 


Noto tha-i xti or *• * i th.,t n certa-.**. „»eo ie not 

i» 3 cotive or not ■ no -mio f then •» t in uuff cienVto tive one counter 
e;:aitOlci 

e, u , £{::) « s'" . x,„ not one-one* 

Bectiu o X'{ ) « i‘( } uu *• .* “ *1/ 

5 . Ju ui po.ic rj 1 _io ox^aane.. jiu Jtcuchin^ the top^o* 

The roneont about cot . } rt»ty.ttons, functions and 

binaiy co» £%~v ion * it** jhtch need et.-nlui xs are la^teu, toelo,/ an briefs 

(i) A ,*et a, wju u**> **f met f tmta drii. it ru» bo xUsacribeu ,71th the 
hein »u : « .<1 : "jt'wu,-our ./or a ixKo collection, fsunly, etc. 

( 11 ) a %t<t ju ..»,£• h<* . i-:x ; to bo a subset of it ...oLf nance this 
■'elio u lfc„, the . .riiut«ou of 1 utooot, 

(ill* «, uiuvor. il * t *«' . t ,* ... that it x.. the net of all things 

* 

in th«* un; u ■** . fc univervuL net need not 'be tiniqae. There 
c,c< i,t * ;* i'c.r.;! .... /ar e;aa«toJLe, ./hen 170 -.rant to 

muvv’ oli.axc' .etxy , the ujuvon t d. sot t.c the plane itself* 

(iv) Tho coaotnt of H co.ir.>l easotvfc oX’ 1 t ct ir col* be thought only 

;hcn ,fo hs.vn 00. c universal set at our disposal# 

(v) F* J' only when A is tin.* universal set* 

(vi) Savon „ relation tt xn A, it xn not necessaiy that it should 
be either 1*1 .*a ^_emvo r syi.fr.otrxc or transitive* This follow 
fro , the* enliaition of a. relation that it can he any subset 
Of A -C A. 



(vn) Given a cot a ** oast hovo f*mt «*2uival*siid» relations 


on A* 


t V111 ) a function £ s A - J 8 m a jaw-xl^iaj&ijr kirn. «C relation 

fro-* a to B and that if f{a) t. o f ( ) » C f th«i b ® c. 

f fxi 4 .« is the t-a-in© an aayxn^ that 


n B To and a ft r ^ then «• e 

<ix) A binary operation on * x M a function fro, A :; A to a. 

Ih© image of (a, b) under a bxnaxy up oration u.„y f x . 

^ r 

generally denoted by a o b f a + b or <„ b f,to* t . y 

* * The vusuai operation^ on 

rrcuubem 1 ,e. addition, multiplication etc* juit* ail familiar 
examples of binary operationi. 



6 . 


A txiia^ operation need not toe 
a and b in a and + iy u blrw 
al-waya true that a + h *. b + 
the operation of cross product 
-i.e. ~J? x if* J , 


m ay ho.itnute.tive! juo* given 
xy opor&*x*n f xt netn! not be 
*. - «• .v m thn set of vector. 
it< not cau.M-t&tivo 


points 


ooiae teachers think that there 


10 only one universal 


net an 


the najae itself* suggests 
different universal sets 


But this is not tho case. Thorn 
according to different situations. 


can be 


Some teachers feel that 


a set a can not be 


a dubact of 


itself. 


Tnxs happens bo because they 
proper subset of B and that 
Ac_B ^the case A = B is hl co 


think that ACJ3 .nanus that A w& a 

^ 'f* Infaot in the definition of 

taken into account. 



- i6 l )i 


Neither the t.ot S o\ 

' j 

first n> t~ tot eo.w rutin*;; oi' 
ic, a aet conux: i-ng of w . „ 

inoriiber of a bo a *,i»d 

fa-uly* 


not* the: Let 



13 a null set. The 


a single cl oient 


% 


<|* .Inch 3 


aero while the esecond 
fche null a eh, A 


aLitO. in such r, care it is called a 


Notts tiu.t u . el »*Ui not to*, u ,,„t mber of itself x.e. A A is 
Meaningless. iKe-n. *: of thin t. ret of all eotr does not exact. 
Bocan.no if such ,r,*l t.iy . cxxdn then bC 3 and this icj impossible. 

f v* 


Given t, relation U in k Uid if a, h (---A then it is not 

* 

ncceucu ry that a B > or b R a hul&y c.g„ consider the relation 
of divii ability ut tic* .ft U of ,il positive intogcre ; then ) H 8 
door not hoLsl • »toou not divide S. 


rt x.* not hops { *txy that for a given sot a there . xist« only 
one o [Ujvd'HC uixon, m the * ot II of positive integers 

both of th» foliu.iing rud.nti.oui> an, oijuiveionoo relations. 


(t) 

» -r 

S..C.Wi 

If uxvj.utn* (a 

(u ) 

.* Ha 
w a%, V 

, w»an: 

u »» b 


it houlu be 
there are ex 


that ft-r 
c»jui valence 


as the second relation is concerned., 
•lasses as there axe natural mmbere. 


Gor.ie touche*t feel that for a given function f if f (a) = f (h) y 

•m 

than a ® b. But thx., if not the* nano oi r&y:»<> Inf act this happens 

only ;hon f x fc *i inductive For cxcj.iple^for the function 

P 

1 i H ll ,;.;1VC*S1 by f (x) ** 

wo soo that i (4) w f(-" ) « 1^ 

But 1 @* -*#;* 



Many tear,horn don^fc re«ittto tho p&xni that a hi nary 
operation is a kind of function* ihi& b@c©tuwi ahlia doaLing 

with binaxy operation*. wo uuu't th«. u. uai such as 

f, g, P etc, instead, we use uy«,,baL., ruoh V etc. 

Sbr oxanplo consider addition of two m ,bcru in R. lo xxoo 
a + h to denote the image of (a, b). in fact the* function 

+ ! Etl jEt X't i. *•»>' s J5XX'-*> *VT1 ” f^AUlX i^jLOJU * X*\X*s, *l/ilC3? 

+ (a, b) i& written, an a + b. 


Every binary operation nood not bo ca^jiutatrve. 3?v>r exanple / 
the operation of matrix product in the not oi \ x '? matrices it not 
co i iron tat ive. 


Another practical example is the foUouxng j 


The father of a brother 


£ 


a brother of the f at «.ohr. 


On, page 16 of the NCERT book in pro bio . t, the >?ord nartxtion 
m mentioned, assuming that tho concerned teachers al rcc-dy kuo r the 
definition of partition. Unless one ha a clear cut idea about 
partition, one cdi not solve tho probie.as regarding partition. For 
he sake of completeness, we have given the definition of partition 
on b of thio topic along with other related material, 

7 * SSPSjtatei;^alii^^eB^nsjf#r Thoxw^h ^ Understjuuai^i 

following* questions may be useful for touchers for their 
thorough uude^toudung of dlfferent pQlntr> xn ^ 
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(x) Dcwan theX© ©aact a, rrrt rurh that a° ? If sn, what 

j.o th© unxvoruiu. aet ? 

(ix) Gen jo ttermi! c fact V if not rhy ? Ar© there my terus 

xix rxatke.,.v.txc». .,-lu*h 41x13 unuax'xjied : If y©s ,/hat are they ? 

(ill) If jx ^ | B w 4 A fj B =» B /hat the relation 

*¥ 

between A B / 

(xv) If a * oi A x tu*rxU©tl into^J ax;,;}oxut s-ubuet^, to it 

■pot uxbi© to ah Oq^i 4 $$u. cog© rojuala-on xn a ; Justify 

your am»wftr* 

(v) .flint ic the Uluo, atki i(Mjxu.ar rotation xn the fai.aly of sets? 

I© xt . 

(vi) Ho./ . whiSf im hi-an... Coil wa 4 . n fine in a not A » a,‘ b, c 

llo.f 1 »*uy ii,rn ft jUiv.ij,* an, ral .atiemu ^ 

(vxx) )Pwo that ev*’«y fun* i f f 4- A A xu a relation* Is the 

c*uvon o true Justify your anw /er* 

* 

fe eliaii an / axxcuux m brtsoi the solutions of the above - 

..entxoned fUr».,ixoni*» 

C 1 *) A ** ,, c noitV. tru* only when a is a null set ana the universal 

•<«*t .. Alne the puuU, cat* 

(u) hat x* ah undefined term olnee in the definition of a set, we 
use .,ynorix..,oxu» rordn* In G<-Ou>etiy f point, pi an© and lxne are 
undefined teiw** 
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(111) 

(iv) 


B A* 

W * 

If A - * define a E U- to that a- & “b 

■belong -to. for "do..,e i - 1, 2, j, dtb rennet to this 
relation R (H is aft oqui valence relation) Aj_ i ^ 


^ anc. 


^tre ftrpiuj^an^e assess# 


* 

(v) A li B means A is a subset of B, d in not# ryvjaetric. 


(yi). Ihera are 2 order pairs in A x A* Banco -there ar** tr - i 

/O'' 

nonempty subsets *f A x 4 « Hence thore are ^11 relatione 
win oh. can Be defined in A*. Bo. ere are x j aifuivaiouoo rAiutigns 
that can Be defined. *£L A*. J£n^ of the five axe n« folio ;i.s 




fa, n) i (to# B) , fc>i «) 


Rg * a) , (B r B) , (e, c) , (B t #) , (c, b) 

(vu) A°carding to the definition of «a function^ fwrory function ic 

The. 

a rol atioxuconverse is not true. Tht i’oUo.nrv: ftxaumJLo 
A 

justifies the c^aiai. 

Lot A * | Ej 1u ( c ^ 

Let f = ^ (a., a) , (B, e) , (c, a), [B t a) ^ 

Here f is a relation since f^*" A x a But f m not a 
function Because B has two images under f i* ©, f (b) «* c and 
* (b) * a diich is impossible for a function* 


(vui) In order to divide N into 3 disjoint suBctto, it is not 

necessary to use the concept of ecjuival ence relation. But 
m every such division the idea Of equivalence relation is 
involved. 



— i if* i - 


Conuxtift? Vim rei&l&ou k liefmea "by 


a H b 

...nan. 

' i ' 

dxwx uo. 

* il 

* i? # 



Then K 

11 K. 11 

L fv +5* 

a 

iVv^n.,' 


4! 

hrlStpr S ^ ^ ' 

5 . 

There 

oiaseen 

uni. 

they 

a iv, 





*i - 

| s 

V’ 

*1 * * 

to, 

t i» 

♦ « * * 

} 

iu ** 

Z ** 

C* 

!>i -' J i 

It* 

h*l 

A * * * 


4. *» 

3 

* 

y ** 

J ... 

t, 9, 

h iJ > 

ll, 

* * A #i 

\ 


/ 


(ix) Conni< oy tho ,.et of v«?H4re xn a three dxmei^jional cpace 

&w,u the one return c*n the ''mu product of two veetorc* Then 
thin WmaB' ooer«*.t nm m$ slot ©ooooiativo. i«q» 


A x (B x C) « (a B «*) X C ooec not hold aijayn, e.g, 
\ (*• 4 - j) x *, j x (i + k) 

f \ (x 4 ' * N V, X (l 4 - *0 / 1 

1 - - 1 J J 


8* Bxiimn,*,- »n ui nov*© enriehMpnt ..xteriaLo on the topic* 

■ n H i iviif- ^i«. -A M -V rk wi* -w»- B.t'-ik a* *• H* jr * ■-•*** i ■%**--** *p*n * fci«n* * 


k teacher of lAih©.,.*itien x . already fawiliar .nth certain 
kindi; of rclutioi.*. on a :.et, 'There arc fcwo important typer; of 
relations on a (i) Equivalence ivEntxoii and (xi) Partial order 

relation* 


The concept of m mj uiva lonon rcULation 1 b ‘an extremely important 
one,, and p!^ rJ ‘ a central role m axl of j.i&theuatiob* The definition of 
equivalence relation can Be given precisely of* follows * 


let 4 Be &. *p,ve» non-euipty aet* 
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A subset ll of A. x k in said to be an equivalence 

relation on A t if 


i a;sy t.io element. 

4 <• # * C” H~ 


« b r.,iL to 


i) (a, a) A for aU a £ A 

11 ) (&j b) ^ R itnpxiofs (b, a)( 

m) (a, b) £ : R and (b, c) ^-R Ln*y 

( -'T c ) £ R , fox' &*&* throe cle nntr * 

b , C ^jW 

Thojo throe presortin'- are roopectivfny reiorrc^ to an roflaadvrty 

* « 

symmotiy and train.itVity# 

A * M 

/henever an equivalence relation xo t ofinou on a nonempty 
oet a, there arise, the concept of ^uiy^enoo rfii nf an element 
a C n. fo define it a** folio in ; 

Let A be a nonempty set and lot R bo an equxvriiencG 

el 1 1._ on on the set A. Thon the effuivalcnoo cl ant, of a ^ A i.% the 

neb ^xfcA| (a, il^lj . HBpmoto tla. ,ot by C* (a) or JXJ. 

DB1 “ l_ a J or 01 'h ls ' tli0 oet Of j.x thu-Q oL o„.ont.'. o* A ;hich 
c^o equivalent to a* 

the most fundamental thaore.ii ir* this connection* 

The aurtmot divalence <fl. MB08 0 f an oqurvaUnco Nation 

on A provides us ath a decomposition „ r . 

P &iTion of a as a union of mutually 

disjoint subsets. Conversely given a i 

j i given a decomposition of A an a union 

ox mutually disjoint, nonempty subsets 

®ts, .ft* can define an equivalence 

relation on A for which these an-h~ A +« 

u are the distinct equivalence 

cl asses. 
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px^ ft L©1 A be u. jxonas&ty cot aiul R be ©a ecsaivaicace xoLation 
on A, Cien, £q s *Wt*& <X (r*t (*» a) R ■•«> ^tr-dl(a). Hence 
the union oa the "1(0' ■ •>* - •*' A* Mext t assert that given 

tuo e.iuivu.euae c& say, d (a) anu cl (b) f they arc either equal 

or di&aoint. 

DApryO, i, that Cul (*.) aiu* d (b) um nov disjoint, i,e, there 
m m til#uwnt t : i# * ( (..d(.*), ^ el{h). /o ibaLL prove that cl (a) = 
rl (b) m thin e» 

* ^ tr' bt C* *) 

(©M x) ^ A * 

again x ( * 1 l (b) d*/) * 

f » (l) j X 5 l”* ^ ^ 

T,n , (...., ■&) £ U T* (x t b) us R 10 syimnetrxc 

^fi| x) (■*" ii j»I* ^ 1 / f R 

- *■> (a, b) » a ,i V R is transitive 

/ 

Let y sji; u j\\* »-ie<»* j.t ot ci (b)« Vhon. (bj y) R 
,\ (a, b) <-•'• k< asi (b* y) R 

* 

(*» y) 

i, e* y ( w - d (,,.} 

Hence cl (h) ^ cl (a) 

Similarly c<u*. *»re>vu cl (**) c *w 
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je have this shown that- the distinct cl{a)*3 clt© aaxtuoily di.*- 
joint and that their union is A* K mm t thn first t»*rt of the 
theorem is proved* Comreaxeiy* *uppoco that 


A 



/here L 

t 


8X© 



dl^urt m a*-ei,ipty fje ts , 


How, for any a £-A» can cty that a n fca jm&ctly, one A of 
the family Aji • lo new define a binary relation H for a, b (C £ 

as (a, b) R if a» b are in the uu^c *. * Thou i t can so 

' 1 >-. ■ »W « M » M» <*■*»** 

easily verified, that this binary relation a it; an equxv4j.«iaae Nation* 


ihe fundauientfi thdcrem about erfuival cone dilation cui bo 
stated m a niiapler way with the xutinduction of the Il.w pa .-t jl iron. 
which we define as fellQwe & 


Let 3 b., y where 1 is the jui-uer. not bo a ih.aiy.pf 

L i £r* X 

aon-eiflpty subsets of a set A* Thou ) t in caliou a 

aaUUqs °LA ^ (0 i ^ * 

and (ii) ^o r any subset;’ B and B , either B » B or 

x J ^-0 

/ t 

B iA 3 j * Cp > d> in the null oetj 

r ^ rieri nl ternative statement of the previous theorem, can be 


given as ; 


iin equivalence Ration. R on a set k determine; a. partition 
of A* Conversely, eaoh partition of a yield*, ear equivalence relation 

on &.* 

Ne:ct, re deaf in detail with the other type of relation Ano-m 
ao partial order relation. 



4 mitfciioa. d In & oot A in c^Lied a partial order relation 

At 

(or only an or dor rob-ation) xl" 

(a^) »•* ** c* ■***~<« i Jr all a 

00 a 11 b anu. >.» it a xt.ipliQo a *• b 

for a, 0 Cy 4* 

(c) ii a H u omit b E c then a R c 

* , 7 

„,horo a, b t c f— 4* 

ia :;oy a dilation* U in 4 in mix: yi.iiii© trio if th© property 

(b) its natii/fiod* 

* 

Thu;, a r<4-,-txmi R in A lo ©n.order i^olataon if it ax reflexive. 

* * ' 

£a;tiwyi.iwotnc &nu timnltfivo- . 

+ 

Hotatxoni ' ■ It E a gmarai, practice to ©sprees the relation 

u U o by ,«rs.tini>; a b* Hot© that a <£. b does not always 

*** , Aa, 

uoan that u in im than or equal to b* a <Cb weans 
noun %u,< », a xvxdcx b or a is not equal to b or a is a 

'tubne t of u r. 

The ulauu cxyJipJLot* of nartial order relation are as follows: 

(i) In tho set of real numbers , m define a^b to mean that 

a m lux than or equal to in ^ is a partial order relation. 

(n) Lot a oc the not, of integers?* Then by a d^b we mean a j o 
* . ^ 

and a ilivxtku b. Je gonomlly wife ajb (read as a divides b 
oi* b hi « xvisible by a) for a^b* 
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(xii) In the -family of V «*&. 1 feva tha uaua rol.oii.an 

where A, B£-U» It ocn he ^or&Ihed thn.tr"' ir. partial 
order rotation, in U» 

(iv) let H* 1 oe the set <tf n-^tunxei, oi noai iu&idibcxv>* Lot 

x * (^ >*?.***** & n ) 

£uad y ® | *b 2 * «*» b^ } 

Then 'ey x<=C y vie luojua that a '4 b fur all 1 » 1* 2 t , n. 

by 

✓hhere n y h, .re moan that a. la 1 than or oquoi to b * It can 

J- ^ ^ I I L 

he verified that the reflation, defined hbetu-o ir a pi_r$iiu. order rdULcm, 

A oet p equipped .rith a partial order rotation. /.. 10 c ail ad 

a partial order a at or ciup^y a* 30QS2I* 


If S 1A a subset. of a ^pe*± (f^ ^ ^ fjoen iui cl ©moat a (bP 


id colled an u»per bound of L i£ x < a - 

“>»1 v * 


,tC O **** 


Bote ttwfc io alao .into b ^>a ia indxca.hu b (b^> a wty 
he read a n h in greeter than o#* equal to 1)* 


Sitnilarly ^ an element b P it, called a. lower bound of a if 
b y X (d. a* 

C £~ 

Nete that an upper hound qz 1 & lo*»or bound "a sot need not te 
unique. Pdrther an upper hound or lo *er bound of a . et may not exist 
11 a certain cases, Ibr instant© if p «• *.et of all positive integers 
end E in ^h© set of even positive mtegora ( then B ^ p# Define 

a h to mean that a divides b, «Qieu B lias no upper bound and 
that 1 is the only lower hound of E* 



if a hzonu.* to be the wani-loat «jon« all upper bounds of 


satja» then a xts called* the least upper bound of £y. 


Siwxj, euiy the grcuic. 1 4*»-ong UUL tho io-mr boun&e of Js> is 

if 

called the ga.xa.toHt lo«mr bound oi\*2u It can be rioted that if 

the leant upnci uwund (*,ub) g» greatest- louer bound (gib) of a set 

* * 

^ 0 3 Ci c>tr> then it n xiif^rc* 

B?r cojuoAuor the partij, ardor relation of divisibility 

in the sot ;? oi all natural anuhexs. 

Lot Cp^ ** *1^1 /1 d f 

l > 

Thun it cuu bo *h£x«rvuc» fcy imrpoction that 210 is the mb 

of aln*o x | lid t/ x £ li ^otc ilO is the least -oo..u.ion .rcuitipl© 

* * * « 


■ the intarstixi Jiole that k-iD thuil&rLy 1 to the &Lb of^s* 


/f !i a. cisy , ubf;i»».ily 'of a ,.,xvun fa.iiiy U of sots, ihen 
the null j.«i i.. the glo of and th,o auidtt o£ all >jots in 
is the iuj' of b # 

in clc. .cut *x tf* *** jfiK'ffi* lb in a trubi ot of a po.iot (P, ^ ) 
is nail to be a ...animal element of* fe> if there does not exi~t y - 

*“ f i 

satisfying x y. 

^ " c , 

bi„.xL Cli.? x fc *> X* called a ainlual element of «> x£ there 

uocn not oxi.t ujy taewent y £ & satisfying y ^ *• 3519 foli ° h ' ine 

t.ro exastplos ..’■ill illustrate the conoopt of maximal and minims! eie 

wentr. of a set, 

Bx.i t Lot ft.*, camider the divisibility relation in JJ. 



Ihan 10 aud X*; ffleodmal cl events of B oua#© oath of them 


satisfy the «*auitioii of maximal i.ty* 
miiuiaaL eieuients of S« 


biwaXorly 

* / 


3 ail - 1-1 are 


Ex. 2i Consider the (xu & subnet of ) in. thus fcwaly U 

of sets given by 




li 


U, 


5 f°t \*% -jV, e{/b, cl 

[U 1 ’ i •> ’ v vA ,' *L -> x )> 

e l L 

W^MoW 0 ^^’ c j/ 


Here 


3 a> bj, £. B * 3^0 £ ir* -i&ximai elo;.«ml,. and 

1 . . . \ • 


J)a ^ jpj. are min i n g ^emaita, 


The ccaifce&t of maocita^ ^©jnervfc is vniy iii^rtnnt m many 
mathematical situations, Re^atod t% this there 1 s one anportsnt 
axiQio knovjn au AXICM 03? CHOICEST also taosoi xj Zoot-* *i Lomauu 


Before stating the Axiom of Choice ,-m firat give the defini¬ 
tion of a chain, 

_i 

n subset S m n. *GSEE <P, </) is said to be a chain if 
a ^~b holds or b <^a holds for every a, b 5* 

e#S ‘ 3 " | 3 » 9, 12, 24, 120, 360 l uf a chain in JJ vrxth 
respect to the relation, #f divisibility, ' 

Sl,0ilBJ4y , {*/,{*. ^ U, *, 0 4 i W a chain of 

3 elements m a family of seta with respeet to tbo relation of 
'’subset of”. 
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don of choic ja> Xf every chain in % han the Aeant upper "bound. 


m s #i 


3 . 'then ucocUcfl, eXeueirt of 3 exiotc* 


fQxio ro:JUii? xt, uned m newe branches of Hathematics, For 
instance vM apply fbir in pravny certain theorems oi Tocology, 

T 

Linear Algebra* functional inalyaiu and other branches of 

iiaiheroo-frec. 


)i.io Intoreoj 


not A ** ^ 1 J i b| lO 


in A define a relation a K b to u* an that a divide b. 
*» * 

!q ..oy that r £ A ut a uiaoamal cXb&ont. of A rf there 
<Xn. not csxat. any y A cuch that xRy,‘ S' 11111 ahl 
thO i..ua>.i:irX eljBiM|lts3 of jU 


,ou i 


fcb.mrva that 


> r< 6 j b it 10, id no 6 it 10 doocr hot hold. 
Hence 6 and K - nrlh -axiiaaL elements. 

( 11 ) In a family of nets define two binary operations . and A 

*> 

an fojJLOtin ! 


Iu B 


AAB 


aab 


a/B> 

(*iib) - an 2 ) 
(i - B) (J (B - A) 


Then prove that 

A* (B 


a.b /A a.o 
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.Hint * Haitaiatioai of this pral^ea is sma what difficult, 

Bat with the hfilp, of Venn jhagraii^ it baaos.iau oafier to 
get a solution, Xt is known that a family cf sol-; <H£uippe& 
with the two binary o^rationn * one 4^ in a mig auu this 
'conpept of ring is used in the study of .,»8o*»ure Theory. 

(lii). Xho property (ii) of an eqpiivnionea relation, a tuts a that 
( a > ^) £: h tJ) 0-l^R i property (iii) state;, that 
4 a » *06r-R„. -and fb t c^£. R E* ihat if. wrong 

with the following pr^f that properties ^u) <aw» (ni) iiviply 
pjcgperty (i) ?, 

V* 

ir e t (h f a) t H jjty Firm 

whence by property ^iii) ^ u.) lb 

In the pno^C it is assumed that (a* b) £ it holds 
without mentioning any restriction on a and b. Xu other worth ? 
it is assumed that a & b are related for any t./o oLe ,ents 
ai h 4-JU This basiauassumption leads that (a, a) id 

Hence the fellary lies m the assumption that (a, b)^ R 
holds far eveiy pair (a, b), 
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1 Motivate, on 

In naure, t ho re are some quantities which can he completely defined 
by a single n-mbcr 4 These quanta ti«.'* are callv-d scalnrr , In contrast to 
tfceee, there are quantities which are not fully defined by such single number 
hut need something mar*-* For instance v l*rfc ur. consider displacement of a 
particle from a p >int A to ft distance of 5 Ciu*», .♦Thun tho point A remains fixed 
in. space, Thin dinpl^Cemomt through a distance oi p Cuts may occur in cm 
infinitely many ways.. All iamb painirt specifying displacements of a distance 
of 5 Cms from A xn an dr bit nry mahnur lit on a sphere of radius 5 Cmo with 
the point A af centre. Hence t > specify thif- displacement vjhat we nood in 
addition to the length 3 Cu .<, it, the luruotxon of ruch displacement, thuo 
find that the di col.uc. f.i. nt in in example of quantities which need both magni¬ 
tudes and direction for th*ir complete definition, Wu call euch quantities 

as Vectors . Dit.nl'wr ntt,| velocities, accelerations, forces. aro vector quanta — 

erf' fi. 

ti^,e wml. ‘ im’-raturr t.rui- etc, scalar quantities, 

* /\ * 

For the iM'iiu si on nf a virior quantity, vu fake tho help of diisolace- 
munt ao an example , <•(. -hull acvullp different nr pacts of vectors with tho help 

of the idea oi uijpim. r, ,<t of a xrtaele, 

2 * Brief Outline of the content 

The dcfiiiitian af a vector, .different tvpeo of vectors, algebra-of 

vectors etc, have b« t,n tiiucuiscd in the textbook. The dot product and cross 
products of two Vectors have alv*o been discussed. The scalar triple product 
and the vector triple product of three vectors are also included. The appli¬ 
cation of vector*, in finding the equation of a plane, straight line and sphere 
and tho relate a toparr, xn three dimensional geometry has also been included 
m the textbook. 


Eagalanatioin of 1 re hnxal/mathematical terms not properly explained 

in ihc iexTSockT- 1 *'~ 


4 e ro or Hull Vect©r 


In th» book submitted by th© WEST, the terra zero or the Null vector 
has not been vised by the author*?. They have used the phrase identity i , elenien t 
'for vector addition to represent a zero vector. The re^awree person should 


kBo " that t.;-e two arc- the rw . *♦ ^ ^5, it ir virongly written that an 

1 14 » s i,r,i+Jon (B*'1T •? * noro vector) v -o .^tion. 
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An entity having no dir#ctioa may me*n tfc*l it i« * r«m Imr quantity* It i*> 
a vector whose magnitude ie aero and. ©m te&v-* any oiroetiom 

Ne&ative Vector 

If the Bum of two vectors in a stall vac tor then of the two 

vectors is the negative of the other. 


Uttit Vector 

A vector having unit magnitude- ip caliv i &«. -nit vu^tor. If a 
vector is divided by it' r; modular, w« find a unit v«'fUr, 

V A 

f r -P vee Vector and localised Rector 

Free vectors have no reatrloti^o mgardiog; thnir initial or terminal 
points, whale a localised vector oceupitm a definite par if inn in space 
f Unless otherwise stated, we mean a free vector when w*-> u**fe the term vector. 


Coinitial Vector 


J' - * 

Vectors originating from the raise point «•* vnfttorr* having the name 
base ,poii.it are called Coinitial Vu^tore* 

In coordinated geometry, it o©«*. not i.vuttur which I'rrv V 

used. - , the right hanaea or the lift hunuvo frkm * B „t an vectors, 

at matters mulh. The correct definition oi right hoatlvu fr tr:<- xi or 

follows: Let a right handed screw (a screw that .nay bt urivon by the right 

hand) be placed along 0 so that the pointed enu {thi tip) .dints in the 

positive direction of the Z-axis, If a rotation of the tirr w xn th* cense 

that earned Ox to Qy in a rotation of 1 right iy ran! th ren w advance 

a^ong OZ, then the franc is called a right handed f ra.m.-. 

Of- 

Page 473^ he textbook., Notes 2 and 3 say that the section formula 
med for m m *—n. But it is very important to observe that, when 
io an between P and Q, m + n is positive. When ii ir on PU produced or on 
produced, PR and Rft are clearly different in magnitude* So m i n cannot 

1.1 and consequently m + - tt -^ Thud n)v**Vur H may ba, in + » °‘ 

ion formula is defined for all oooitionn of R without any rcptriii^ 

Y_ riction imposed in the book is exoetly similar to the rentii 

otion m this statement * g » , ~T 

’ ■!’ * * ^ ** “» provided 3 doer, not van,!ah l T 
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Since the denominator never vaainhor, % convenient section form ala 
be O bt.dnott by tahing the rati-. nr 1 — \ ' \ f° r al 1 \ • 


tfces rati 


m —ative atr. roach,if wv.tn Hineu et --ng , pm . subtopic^ 


i j riplo Product 

■f x (i/ x *) - p? , % 


(a, b) c 


An altegnativv m^oj 


Let ut, :«nco:. XU. three vector^ f b and e ^be the following: 

A ^ *■ /S. /\ X"V 

'~ s u Vj » + b i + b^lo. c ®sc.A--e 

n - V i * * i al + '"i A * i* 2 * ' * 1 ik 

s~\. * 

+ c«. 1 

a 

, *‘ s * /v /\ t 

(V X X .1 S-l ^ 


”2 M - A (b»e,-e b> a (Vf b l c i )t k ^iV 0 ! 1 


*•% r r 

w i 2 ;. • y\ 


T'3 2 3' 

\ o 
a ^ 


* •/ x (to x ' b 2 C i*°? b 3 ) { b 3°*T 1, 1 0 3^ ( b 1 c 2 ° 1 b 2 ^ | 

» 4 I X. 

- C {■■ (l, r ) T ( + 'T /«j( ' a 1 (b 1°2'°1 b 2 ) f 

1 ] T T 2 1 <■ • 5 i - J ( ^ J 

+V ( - »„( b o r *r c 2 b ;^ V 


i-V C a 1 ( b3 c f* ^ c 3 ) “* M b "^* r 1p 2 b : ^ j' 

.^C - «,(^J *^[V«3VV-.W*3VVl> 

+ 4 \ - ^Vi^aV] 

- ^VPVVhV] + ^[V a 1^ + V 2 + h°3t»3 (a lN +a 2V^ 


( Vi + WVi 


rA />s ,A s / ^ +a_b r) 4*a-,b ) ( i c |t) 

) ( i b i + J b 2 + k V i°i 1 2 2^3 1 z - 


v + K C^) » ( 


u*-***5^ 


c ) b 


—■? , —■?> 
(a. b ) 0 


This proof 1 b more genoral and straight 


■forward than the proof given in the 


book of NCERT* 



5 


Basic Concepts to V- ..emphitai.in .tfrKiBjg .Iho topic 


The various' concopir that ^ -> i-m % r< f - t n the tffHrhfer® engaged 

in teaching yectote njad three dia^mrinnai p*m rr th«'nwfh vactorn ar© the 

following! 

i) Vectors and scalars ana thrir dinlinctimr * 

ii) Concept of null vector# 

111) Triangle law of vnct»-» n ,* 

iv) Coplanarity of vector*'* 

v) Different type*? of vector products* 


a) Dot product or scalar product oi two v^ton wr! ®h*'*ir co»!unn- 

* 

tative property, 

b) Crocs product or vector ppo»,u*'l of two v-etjr, asd tu u* non- 
commutative nature* 

c) Triple product of vectors 

^ ^ 'A. 

a * x ® ) ■*. Sc filar 

—? . “'•i 1 —^ 

a x (b x c) w /vntv<r 

vi) Coordinates of a point 

vn) Distance between two points 

vin) Direction ratios and Direction Conner 


tiS hxng the C °°M E T t | > fh Br ”. gs tha ! *ff lEgSte Ua. 

if" ^STTin i,h H TT-JTvrrr^ a bbntoxt, mention gapr ;mu misconception * 
— ■ fx QQ ^) which may mieguich the teachern and students 

Equality of two vect o rs and Nall vector 

called equal only when they arc equal in magnitude 

and possess the same direction *„+ j 

• ut in ca-io of Hull vectors * tide may not be 

N ul 1 V6ctor -no 

Bses^es some unique proportion which are n*t found in c& sl 

of other vectors. 
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Cal ling Vector*., 

I [\ y 

«j»w 0 Vect&rr arv ^alli w parallel when thry have same direction hat 
-their lines of action ,'r ,* ■r* ‘ir* L. the rare of collinear vectors, 

-their lineo oi* action ,mrt :*i ruction hath are identical. 


Cor rect proof for th* 8 tann^hiv- law ter multiplication of Vectors by 
rp.nl nufUjer 


The proof for th« iaaniv,tiVt i *v» ior multiplication of vectors by 
real number t- f it n m *.h* ol HCLdT x: confuting; and not correct. The 

correct proof 1" giv» t, ■* 




-— : ? —'y 

hi t 0t\ w tx and AB = b 



Let •** runpone 'in* he any positive real number. 

m thu ad oining figure m a « m OA = OA^ 

JGn:r* th*. at ruction*"' of OA and OA are the 

, 

ran** but ma^mtudu of OA ip in times that of 


et b* ur vws» p trail* 1 to 


Let 


join 0 , B anti extend it to meet A' B' 


at B' (/op ky ). fine. A* fV/ v A ST A '«• • imilas^wo find 


■P' 


B* 

asF" 


« CA 1 

qaT ’ 


Hence A' B' ® m A'H 


, Miirt A* B f m4 AB on, parallel and length of the 

side A' B‘ » m Uu.r th &.1 nf AB, 

- r _~') 

So Oa r + A* B* * OB' 


r> 


mOA + ... AB «b 
^ **!*)!’ 
or i a * m b 


**, * 


C?B ® m (OA •#* AB ) 

T .,. ■_' 

m u (a ' +• fe ) 


The above relation xt» v*JUu even when ra is a negative scalar. 


Section Fomuli 


ratio 


point R which divide^ the line FQ, in a certain 
iesi u* riv«d twice .in the chapter on Algebra of Veo o * 

415 ana in thre^uimvnssiona.1 Pa®** proof given Pa ® " 

is voxy round abort rmet oontoi.no *<uvvr*l run -o .’Tory So P 


The* coordinate-n of 


«fi : n h -.a b- 


deleted. 





Condition of Collinearity of three isolate ; 



If the. 

- • « 4 i a 


<4 b«s* r, 


O 

From the above relation, we find 

(m + n) r — 


s* the points p asd 

rvf err-n to 0 aa origin, 

ben *• ^ Victor of any point ■ r 

which th« «»ttga«nt in the ratio 

ro i n ho*, Uren dLonvutd in th*- iToxtn 

- >> 

r ts 31 it ' + r:-i n 

_Jt___ lA 

4- a) 


n r 


1 


in r 




‘ r l 


iv is zero. If 


Here we find that the sum of the coefficient;! of r 
R io distinct from P ana Q, and at a finite distant** from thum, none of the 
fficients in the above relation it*. Zero* Hone*, wt can conclude that for 

stinct oollinear points R, p, ^ there exiatc numb*, rw 1, m and n different 
f'Oim Zero, such that 

lr + n> 4- n r^ * 0, 1 4- m + n » 0 

Conversely, when there relatione hold, the three point* are Collided 

ondition of Colliru- no ty oi thr«a ooiutn hau not been dissuseeci 
m the book of NCERT, 





Vsotor a ilo ne threo mutually perpendicular directions. If powiblo, let r - 
X 1 + y 3 + * * > Then we have 


or 


/v 

xx + yj 4- t*. k n 
(x - x*) i 4 - (y - y*) ^ 


* i" + y J o" + S5- 1 


lv A 

d + (* - » ) k : 




null vector having components each equal to Zero. 

Again since two Ver+r,^ 

Vectors are equal when their corresponding components are 
equal, we find from above 


X WC 0 ,' / - -tr^ 

y = 0 and t, 


J 


0 


$ m Y % « 

catablishos the uniouen^iaa -p 

k queuess of representation, 



Ip cojmeCthd® with symmetrical f*»nn of equations (10,5) t (10.7) to 
a line-, on** thiSMS that nitrification 1® jtiva Xollowing.. When. Zero 

appears In one of the firri tm 4ttM|0Blll*tio», what will he the moaning of 
(10.5) ? To uxpXaiM thin eonnlner %bm e^ultaneean equations 


dx + 4y - 9 
x -»• 2y - 4 


0 


They yield 0* x 


t X 3 


(i) 




x •> 3, y # Q 


The equations <2) am not 1'aulty in any way. They may be expressed 

IL * i • f * '’• 

Or m sywme'tra.'Oal fora as 


as 


x.. * .y. - » * 

, *7T T 


( 3 ) 


provided that by 


, not fauan y '•l* - ' d and that (3) standi for (2), Thi 

pX’OVJUta.VU WUUAV WJ ** ***** ^ 4 ^ 

3L , £ nt*uu.» far 0.x - ?.y. Wh*m no maaominator is <?, each ratio may be 
3 0 

given the i.* arm*, in tm- s-aj<' of vlviuion. (3) oa» be obtained from (l) by 
••rorp multiplientlan, In Halving. «wUa» by oross multiplication, or in 
writing wqvwti-ini* in nyneoutrical foro, relations o£ the form ^ b 
interpret ail an on -alt*-natives way o£ expressing the relation « .. 

this pnor j«r.*un.‘Ut , w with aquations in symmetrical form. One very useft 

form of tmch equation.- is 


x 

T 


l 

S3 


S5 >» C 

-o 


i» «... »,*««*, i «•—*«* *«*•* after rector alsebra ‘ 

In tb<. I.i:i-.. ia oi vectors, tit* i*“ a of i * dim • 8 e0 “ e ' lrjr h “ b 

i (S'© C0fi>O6p1l 6 

Some extent, Th<- rvnultu arrived at in vectors by 

being essod ugnin in i-dira* gcoaAty to explain the same con P ' 

+ * tl itv They Will find themselves in 

no doubt , put the student Isa great dirxieuxxy. j 

, 4 ijita this. To prove a =» bin 

a vicious circle. What b»n*1»d««* 'Written hd>r® * T 

__ , . . later in 3-fliin" S s ° me ' tI ’ 

vector t wu borrow tt m reap*It &<WfctjfE ; ' th t ' 

Again, to a m B ruhscqustttly in 3~dim* geombity» 

K vcntors. therefore A - B. 

given in the ha#h lii 4 MM» * a «* » 





It is perhaps bettef~W taMSlt' ftwaotry fi^rt, vectors 

» ' Jrt * 

next and then to show that geometry Vxs fewidlea in a very iw&t and 

" t( ef * , ■»- 4 *■ 

compact form by victors* Ufo© *ilaa«%A»i,% m*,*, tr.va *ttnd«r in Ocunaleecs 

pleasure. 

However, the minimum chmg« that, ju% n^e-ewsary in the or*i**r ©f treatment 

t * 

is the following'Coordinates, distance betwvr \u iw srclion ratio, 

direction cosines angle between plant*- mad liw r in i-dlnsunclsmal geometry 

a* ,7 

are to be treated first and then v< ©tons* ?<qu*tl4n>ij plrmv t Ii;n # circle 
in 3-dimensional space may be derived through vector;* nut id ,*v* t~ he included 
in the chapter on vectors*, But it in better Hr ll.i - tud ntv if th«*y (i.e. 

plane, line, etc) are given independent t/v &i.,4< i»i nlio %n 3- dice urional geometry, 

***'/»/ 

The formulae for distance CP or P4* in Fa#< ij\ in tfct textbook of JfCEflX 
habenot boon established in vectors, Ttv- formula hp 2 * x 2 + :/ + st 2 can be 
established by 3-dimensiooal geoia try only, Vector c/m aefim » OP ( as the 
positive square root of the scalar root of tfcr scalar product » r * CP, 

Duo one Ivt, to t/ifce recourse to coordinate guom-etry to rfcow that this scalar 
represent!, the distance OP in the t wnst used in ftuM. try. In ex.nroolu 
Page 421-423 r the booh ha© used the dirtan'K, **-n<u 1 t without d dueing it* 

The formula for a, o' r (Page tpl 3 ) bn resow, r tb>- r» i ulf r ofot’U.ued in Pag*. 42)~ 
426,. But the second, lint of Page 42b ir wrung to- cuau ditvlributiwa law of 
scalar product has not been established earlier, 

7° j kscufifcion of som e interesting questions th it .nay b e a; k> a by teachers 
to ihe resource persons ' --- - -^- - - 


1* 

2 tt 

3, 


Can you divide a Vector by another Vector * 

Does moment of a fret. Vector about a point mokv neurv i 
Can we add or subtract scalar zero to a Zero Vector > 

Wiat is the resolved part of VuctorT 5 * in the direction of Vector^? 9 
ISiit a Vector or a Scalar 7 

A- lino, is drawp in a givSn direction to moot each, of two - K ^ lines* 

i J m. 

PoK t,0 - hJinTpor <£f -the ,poi|jfc$ of interseotioh with each of the 

: • lines' t:‘ l 


-i 


• V t 



RjijTit iCU 


1, Klvauit-sn* V<«t$r fetiyrir - C,K* Wuathurburn Orient Longman 

2, V«cl*r ’i-nii <.m^r Aj, i. - 7 «* , Mcgraw Hill . 

j, V* 'ft tv Mi,±ViU'\ {.' rr. \un Ssiritr?) B. Gpigt 1 * 
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•'? t.i va* 1 nn of the topic 


S 0..1 -timer we may face the problem© like -this x a business man. 

7$>t>'<yo 

able to invasi no 1 more "than, fts. ... „-v ■ desires to purchase a few number 


< t~0 

of fountain pens ana dot pens f ^Fountain pen costs Hs,“ each, while 
J f.'CO . 

dot pen- Hr. *, * From past experience, it is known to him that 

he cannot sell stor’; thm /Q\j pens altogether. The profits per pen in the 
two tyoer ot p*-m,arr Re. ,50 and Rs. .20 respectively-. 


Now the question ii : How much *f each kind of pen should jtyE 
purchase^ Naturally-, he vo.ll try to design hie purchase in such a way that 

fW ' ' 

within hi: limitationc. can get a maco-mum pfofit out of hi,s investment. 


It bc'-oui.: problem of maximisation or minimisation of some ma¬ 

thematical function:- » Linear. Programming Problem (LPP) deals with such 


typ'- of problems 


Th< «.tit untxal feature of LPP is that of linear inequality (or equality 
conetiwuu; juu fci, ^ linearity of the function to be maximized or to be 
minimi zed. 


Tlu term 1 pro groaning 1 moann to set a plan or to design a plan in 
order to g«:t a maximum or minimum functional value satisfying all the phy¬ 
sical conditions involved in the problem* ,\ 

In practice , we come across problems in which the number of con- 
stmints io not equal t* the number variables and in most of the cases, 
^ho conut ruining relations are in the form .of inequations, ^.o the problem 
ultimately rt ducuu to solving a system of inequations. 

2. Brief onxlino of the Context 

First of all, formulate the problem mathematically, i.e. to wn^e 
down a function to be maximized or to be minimized, finder certain on 
Constraints will appear either Infche form of inequations or equations and 
a1or*» w» •* h objective function, they appear in linear form. 

In next step, dre the feasible fegien oufof the given constraints. 
Find the vertices an of the feasible region by solving tbe corresponding 



•O r : -* 


equations 01 the sidoc of tiv feasible r» rJ Obtain the volu« of the 

objective function at the vurtie,# on- by fun , Th*. ..ua«\w (.or minimum) 0 f 
the#o will give the maxunvua (or minimum) t.ol *' 15 uf tte* 1,??, The coordinates 

of the corresponding vertex (or wru". -n) u* i!*., *, tls.o of the decision 
variable in the extreme cants. 


Sxudunts or tv. ichors may took urn., qa rta >« - ’-ft 1 ** art- we searching only 
the vertices of the feasible region for it. < xt r ,« vaL' -ami not all points 
within it ? This may be expl'am d lr. th* follow*, jq v v? : 


Let ur» consider a nrablem of rroci. ,x rati >n* Char ‘aim ii to find a 

point which vdll corronponu to a waoo..<<Us.i V‘4'«*. of th* ob♦cctiv-' functions 

and at the same time satirfi.en all the constraint; , x . e.. to firm n, point 

wmthin. tho feasible region which «o I’mitpoaur t-v noxiiaua value of yhiocuve 

„ /N 

function. For that purpose, draw tin, obju|txv> l'a,ctioi< lor i particular 
value of ^ • ft will be a straight line* l?ow ..hift the straight line aw^y 


from xhe uugin parallel to itself by saving a »* rat r pi me renting valuer of£, 
As it in shifted away from the ongii^ &.< yalu* of tht objective function 
will increase. Continue this proeern ami it will te „ifii that Uur moving 
straight line will ;jur t leave th« i« vxhl.. n/l.m «y touching a ''ingle vertex 

or t side, i.e. two vortices. That particular pint or p tints will be the 
desired solution. 


For an illustration, lot uv take tin problem : 

Maximize ZJ- * 5* + 7 y 

ySubject to - 

*> 

j x * j& ^ 12 ( 2 > y) 

2x + y <- 13 (3) 

x > y ^ 0 ( 4 ) 

Here OAPB is the feasible region.. For fixed value of ^ , objective function U 
5 x t 7 y » 0 ( 5 )* Plot a eerier of straight lines parallel to ( 

’ll’ X 2 ^ 2 * 1 etc* All paints on X,^ and within feasible regi 

^ onntroints but not correspond to a maximum value of the ob 3 eot * 
txpn be Cause any point on givae a greater value of objective 
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The cofrrtifcp'mtdng equation i; x - y - 2 . 

& 

I-t can be t'rawn very tustaly* t*«»t AS to' 

r 

the lia^Jloarly, it divider the «. nix C 

xy plane into two halves. 




i f 


A , 

* • --v * 

• \ 

ft- 



»j y ft- 

Now in next i.teo Verify wheth* nu.u, iUi uu the inequation, In 
this case 0-* 0 « 0 2, The urtgin e »< , >. »t tXx. t'y the inequation, 

l j v (___ 

Hence origin it. not lying in th* r« gx 1 .-r *t» m writ!. ..it... at AE origin 

/\ 

lies. Then other _iUv at' AB lulll*uding tU. lis. i 4 -j *. IX will ttuiotc. the required 
region, 

"II v, 

If oeciuentally, .>ri(mn lies, on AB, by tikimtf «ny point P, instead 
y' 

of origin^ {& can ur.iw the region in th* • ,*:* w* v» 


5* Basic concept to be jU.tph~Ul; n q J,r.^ 1. iC hi U . the l&pie 

In case of solving a LPP, Ur. r. rsrv* b> un infinite number of solution! 

This ’nil hann«n if the line obtain, ti toy equating t’n* objective function to a 

^CjV) 1 f , 

*• in parallel to that rvtiruinbn by th , < illation if <i constraint. 
For example, consider the problun: 


To maximize Py- 2x + y 



H^re 2x + y = constant it, parallel to Ex + y • 16 obtained from the third 
conctimnt, i,e, parallel to CD, So the lino 2x + y ** constant when shift* 
away fr-om the origin keeping parallel to ilTttolf, will leave the feasible 
region touching each point on the line CD* 



:9!n 


It earn l*» v«nau v*rr th«A th* objective function will give 

maximum value »t *n,V - nn» « Ji »-irUnn o* tiw line -CD including c and D. 


2. 

A LPP »W 5 



-7* 1 

« ; £ * 

3 Ibi;, 

a av happen 

cases; 








a) 

',,‘Kn "h- r* 

1, 

**% % ft 

«* & ••-» 

■* *'$*?« r 


r* gx ota. 


b) 


X + 

* 

\ * It, A 

tlr 

r* #u*>m i. 

van bounded. 

3. 

wO.nC* ‘ . r.. {'3 • 

i< 

7* v* 

* f l« 

* *j « «* 

■tv* 

u laoarx blu 

region: 


% + 


y C 






tr 




is an uxarnpl- i% ; , r* >2 tt,* * 1 l* f*J»other example of this nature. 


/], Smut 


■ j <* ^ ; •usut r<‘fa.m : For example 

x • y i 


v v ; •■ 
y . ' 1 


is a mxu\ r> n m» 


6 . 


Ar. ilv i. 


t> i *" 1 X!. ij. 


■to U .•&■ 


'• * ;,ay be CotiOTittod by teachers in 


In r; r I"3!;f T . ; uu i .* til on payable m m a LPP, if the feasible region is 
found tu „ * > . ->?, *v h< t» to conclude that the solution 

ic unbound* d, 1 * r. t : ru« * 

T3ur T' ! is<t will i>< f L j' i thv following example j 


xxirni* 
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V 




It can be wnf^'is v< ry ■ ly - u x i w* (< nvo along any line 0 f 
fooeibits region tdWfiWU n»i m t.t 7 t * f« * **1 '*e. »«. tho function vail 

doerwaoo ntraoxly i« tnc *>>— 4 * i-t » * t J t * ‘ thr objective functu 


v l>it.c»iia,io»s ran- inn^wvnt n ' n il on *.V, ippic which the 

•fc«- icht-m are ; ‘I. . 11 mnusW 

Any LPP sails t«" -fc-aju. W t-Av*-*; ei ily 'mf iP^ohic&l method,s 

Wo R-.yy aXnts ;w«l.y t;.' *» *< in r *• >: v % with 3 variables,, ty 

as, the wm*i3VMuii.tw ATu ui^r.i.nHJon'si 4 t&m-y will r»„u’> ujit platittb. Therefore, 
it will fa* fiiU cull IHr ftwd<>r.U-, n *r-tnvw4. «rjy it thxi t taftfe, to find the 
f t.awiblt ivgx >«* 11 ifljrtlly » a W 1 ’T with ,< /**« H *s» 1 w - y i.na«X<-a arc solved 

fay f.iniplv.r meth-ul* 

In ; LPP it it ifa< * rv* 1 : >• ■ c *;,' triir.it l.aporse no extra 

r v f,Lncti'*u on the i eio-tbiXity vf tfa* t jioti .r. :&n4 ht-nre flues not effect th 
Dilution^ Lwoh a r. »iu,xraxut t if ih* r» 1- as*.'/, i. c rllud a r«odundant andean 

fa* ct* <fa 


Bxampl 


Maximlaw 


2: 


C*x +• V".* 

7x + Dy 2 
5 x +• 7 y ><C 
4x + 3y 


r r ) 


12 


'> h»o* rt tj 


35~ 





no impact lo iho feasible re€1 



-*stm 




1 . 

Liii 1 u 1 V »f. ru'.yj*■ 

H« HauXce 

2. 

U»< sr ,14 , 

MaABohan, Quota & Sharma 

3. 

’ »11 <i» 'v 1 i ,y£j„ 

m, r hw 

, Tail a 

/ 

-»'■'! r 3 s 'H"f ., .1 }*■ „ 

™ rn\ V*»*m »"iMxxn^AM^ 

Cflsorh & Chakr&borty * 




Dr. ;i* . 

(©IB* a Office; 

F*y DxaJuc^ *Jtx 
Biiitt, Etirduen 

- 713333 

IB* II* P* i&nsm. 
X^artaient of tethowatios 
D* 8# CaUego of Soionoe 



, .......turn of iho subavot 

Suppose 

Wf want tmaplnte info motions of 

ble informations we may have of a student 

1) 

Name 

n) 

Dale of Birth 

in) 

N ati Quality 

iv) 

Religion 

v) 

Box 

Vi) 

V? i 2 i ht 

vii) 

Height 

Vjll) 

Income ntatuis of parantr 

1X$> 

Bio on r.ure 

\ 

X 

Performance© in the ^xamiuaiione 


Sow if wu vir-.ualire the above, we w 15 -! find oertain infoI,n 
tOT „ of ,.v. , «niti> aad the rut in the form of Biding orS.ategoiy 

tecavBO a .<■« in ,uanUUttv torn «»* the othere in aualiHU™ nature. 

Consider the following Tabluj 


flon-tneaaurablc charaotoristifen 

a) Nationality 
Religion 
Sex statu© 



b ) 

c ) 

d) 


PerfortnmVxn in the 'exa¬ 
mination 


a>- 

b> 

c) 

d) 

e) 


-Age <•- ■ 

Height 

ParehteHncome status 

j 1 ' v 

Blood .pressure 

■ , i c. ! 


^ * '4-^Kular set of informations it is 
Now while analysing the above &> * + 

tudy of only cone oi tne 

som.-bim.-s essential that elaborate statistical , , 

. +Jfc its central tendency, scatter, 

characi ri^tics * s carried on i» regard 3 statistical 

- „<• the distribution <=tc W ' the - s - 

Shape of oatn da. ot id button, nature OI Standard 

. j. Mean deviation, 

tool! Mean, Mvtu.au, ?*k>de, Range, Qwartile ® . isnown 

ete. > This ^P e ° f > ySl& 

SK«wm«B« t Kurt@a . x / 4 yvfonnation/variable 

as dniva^' itc analysis a© only on- ohar 

. of? the ,-clne#. 

is nurtured of the population of © 
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further i"t rosy happen ‘tkwjt-'t the®© cfearaotiarltttics ar© **«i&ocia.Led. with 
each other by come way or other , which will to or predict one 

characteristic when the ether is Known, When mch type of mutual relationship 
is studied, it is called ,r $Lvarxafc AunlyuiR**, Similarly when more than two 
characteristics are involved it is called “Multivariate Analysis’ 1 , 


Now, from the above set of informations the rttudy oi mutual association- 
ship or interdependence tpay be tried in the to flowing manner: 

i) relationship between age ana height 

ii) relationship between height and weight 

iii) relationship between marks scored in Mathematics one statistics 

in an examination 

iv) relationship between age and blood pressure. 

Now (i) and (ii) comes under the purview of correlation analysis; (iii) 
under the purview of Rank Correlation Analysis and (iv) unuvr the purview of 
Rogr^tjt.iou Analysis, 


Now the students may bo ©uoplitd a few cxampl .from the subjects or 
topics already known to them, where the variables are intunrelated, e.g. 

established equations on Boyle r & law, Charlo 1 b law, Ohm 1 s law, Hooke's law, 

^ * 

Newton 1 s hecond law of motion, etc. 


2. Brief outline of the content 

4 

a) C orrelation Analysis 

in two parts, the natures of correlation and degree of correla 
The nature of correlation oan bo found *ut drawing scatter lino and observing 
the slope of the line with the x axis. 


i) When the slope positive the correlation (o positive, 

ii) When the slqpe is positive and the points are along a straugh 

lane the correlation is +1* 

Lii ) When the slope 4s negative the correlation is negative, f 
lv ) When the slope ($ negative and the point© are along a line* 
correlation is ~l. 
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Again when nature and degree of correlation, both are to be found out; 
Pearson* a ceJ^iaaea .method ir applied, which follows following steps: 

i) Covariance (joint variation) of two variables has to be cal¬ 
culated (say COV {x, j) 

ii) Respective standard deviation of the variables are found out 
/say & and a ) 

L / x y 

iii) Then the formula %'■ 


r « 


COV (x t y) 

^ii ■ ¥ i ^m n d lwi' ». i *M ■ »>»■»«*« 


a a 

x y 


iv) 


, ., doHi yri&ntr 

Analysis of calculated r has to be done with prooer r -- *+- 4 i #e , 
whether correlation between the variables is positive or negative; 
highly significant, significant, moderate or insignificant. 


b) Regression Analysis 

By least square muth%d: 

For a bivariate analysis of variables x and y there are two regression 
equations viz y on x and x on y* Fjr y on x the steps are: . s r n v 

;; T ( , cxjUn*. y-cntbrt (/•*“ ' N 

‘(i) To solve the parameters a and b Jrom the normal equations 

na + b 


Z^ 

I" 


a 


£ x + b S 


— 2 
x 


Hi) 


iii) 


Then the values of a 'and b are put iny.,a+ bx to get the best 
fit line* 

Then the estimated values are calculated and the variations 
from the respective observed values are found out to get an 
idea about the fluctuations end thue fitness of the line. 


Similar steps will bs followed for the best fit line x on: 
Using formulae involving regression ledfttWcxantE: 

i) For the line y on x the formula 1 b ^ byx (x - x) 

BOV Cx.y) Ufa,, 2 -E 

JOura byx - -X f -a . 

or. Ox ■ ^ U : 


3 
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ii) 


For the lime xony, the formula 
x -** » bxy 4^“^ ' ?’ 


4Whero bxy 




A u ^« 

* X 


*S 


&_ 

n 


,cX 


rt 


n 


3. 


i ■-. r 
$ 

Explanation of teehmcal/Wthematioal terms, not properly explained in the 
textbook 


i) While stating the formula for coefficient of correlation as "Karl 

Pearson’s Product Moment Correlation Coefficient' 1 the term Product 

> 

Moment must be explained* What is Moment ? What is Product 
Moment ? 


Moment; It for a univariate <uata* If£,(i » 1 r »,**«*, n) be the 

, * • 7' 1 ^J r> h 

values of a variable x, then \ jr.joii.ent of x. about an arbitrary tj 

yy * t nr 11 1 

A is defined as P C * 

* - . 

** m »«W» ** 

? t-*- th 

Now i ■* A is replaced by lc (th A«M of x,) then it will be called r 


central moment m *. 

r 


X ( X tl ~~ A, ) 


>V 


j , 


Again if r w -\ } then it is called central moment cf x , and denotea 

JO. 


as rn 


TTV- 


Now 


+ Vi 

m oase of bivariate senes (x lf y/) , the r product moment about 


>_(*<- -*) v C h ~jj ) 


x and y i^defmed as 

yy) —_ 

rr ~~~ TV 

When r <= 1, we get first product moment as y^, 

^ / / 


r 


X 


XxSl 


? L' 1 * 

This first product moment is called the coyarxance of x and y and hence the 

gormula is also stated as Product Moment method. 


i: 0 Interpretation of ' r’ 

- The dl scuss.ions in the textbook may not lead to a systematic con¬ 
clusion on the interpretation of > r», 
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The following table will help to conceive ae a whole: 


Valuer of £ 


x) r *= + 1 

li) r « 

iii) r => 0 

iv ) - ) 0.36 


v) r \ 0.75 
/ 



Interpretation on the existence of 
correlation botween two variables 


“s— 




Perfect positive correlation 

*' * “ . * Wu»' - 

i 1 F 

-r-< I , 1 i 

Perfect negative correlation 

- ■* ori— j „ 

No Correlation ' 


High degree of correlation (esti¬ 
mation can be relied) 

Decided amount of correlation (rough 
estimation can be done) 

Pair degree of correlation (esti- 
mation cannot be relied) 


iii) While dealing with. Regression. Analysis, at. the outset the literal 

moaning of the word Regression must be known to the students. A few 
terms mu&t bo stressed Oflrvig;-Trei ^ . f toalysis, Linear trend, Non-linear 
trend, Dependent variable, Indepmdenlj, variable, 

V i 

vf 

Regression: " It -means stopping baek to its average value. Average 

L. 

relationship between two variables ..3, a meant by regression. 

f ” — 

- i ' - ’ ' *# 

Trend line* The line representing regression equation is known as 

if 

Trend line. 

Trend: It means’movement of the line .with respect to«fie axes i.o. 

whether the line has an npward movement or downward movement etc. 

\Aen such moment i S linear it i S bavins linear trend end etherise it 

shows a non-linear trend. 


Dependent and Independent variable^ ^ • > 

^ + . .. 

As there is a relation between yield of cr»pe ,end n, ^,-we may say 

■ 3 -ia' p> 'c . 

^ rosy ps 

yield of xhe crops is dependent on r..-. , t 

establish.ee as 

; - “-’Yield'* t ~ ~*?-V ^VC ^ Cc/)l/uh c ) 
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* 

Here the variable yield is the &eprndont variable «Mch con be forfeited, from 

-the above relation. ^ ' Safe ie independent variable. 

/S 

4, Alternative easier to anyjrib*— f- 

Both in correlation and regreeei«)Q while tackling problems the prime 
and important task is to choose the proper formula and Method* 

a) Correlations As for example, if only nuturv of correlation is to be 
studied only osatter diagram is euffiiiant. 


b) 


On the other hand if both nature and degree of correlation, are asked 
for, the proper method /c, Karl Pearson 1 a coefficient of correlation 
formula . .. . How this formula Ctui be utilised in ite 

short-cut form which ie 

r ■ — . . where u «. x - x 

J v . y - r 

Regression: To f^nd out the beet fit line by least square method, we 
ta e help of normal equations* These normal equations can bj used in 
simplified form by applying change of origin in per suitability of 
the problem* Viz. In a bi van ate series where the independent 
variable (say x) are in A.P, the following changes-* may bo done. 

1) When n is odd, 

x series 
w x series 


x- mid-value J pf 
co? 


ii) 


When n is even, 

X a 


X- ( A.M. of two mid- values of x series ) 
-%"( cbmm|d^dif f enicl* of x sc rien) 


Su cK type of change simplify the normal equations as 



for the rug. line y «(X fbx 




the rgg, lihdv 


x - a f by 
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5 , Basic conuGjr.it Jt,a te empha&lajpd in tea ching the topic 

As it an. appl led tool the ntuuenta imiot have a cl ear conception about 
rfhen, '..here and why the corral atxon an well aw regression analysis are to toe 
applied. EUrther, . what .r<* i-he u.or^tj and demerit;.: of the formulae must 

te well explained* 

a) Go rrel ati on 

©ig folio .ing oanic concepts .iiiot toe d.th the students - 

i) Gaune and effect relatA onshxp: Although assooiationship is found 
toot -ecu two varxabioa, should toe always go for correlation 

enalyoia ’ 

Exeutipl 00 1 

1) ‘flioro may too a perfect correlation found between the growth, of 

a particular plant m a garden and tho price hike of a particular 
♦oiriiiodity in tho market. Now this has happonod by chance. 

Hero neither gro'.rth of the plant is cause nor price hike is 
tho effect or vicc-versa. 

it) Again another example is the relation "between tlio variables 
height of living toeing and its ago. 

It i.iay too found that there exists a correlation between the 
height and age till the maximum height is attained, Upto this 
stage cause and effeot 'relationship is explained. But after 
attainment of maximum height correlation, will not exist and 

honoo cause and effect relationship no longer exists. 

■* t 

) Rogro osion. 

First, one inst have a dear conception about the applicability of corre¬ 
lation and regression in different situations. If ®nly fai- degree of 
correlation exists between two variable^|K» will it justify a proper 
linear rogreosion oquation, toy which estimation of dependent variable can 
tou done agcm&t an independent variable^ that is bo say whether proper 
functional relation between t io variables exists or hot ? 
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Overall the 3 Ji,eu .oust bo ciiw that ths txts'X Sit Mftn? ,,am* * n «*ll only 

occur when there is a perfect compel at xou t.« v<u *.»?&< t*. Pur m 

an ideal Pest fit regression J,itt© f iht* vsj,u« v* the currtd .A ion coefficient 


rs|1< 

In applying formulae for correlation an* r<„;r*,. l»n -ahJ.fi tackling 

problems, clear conception of the problem t> 


f c ^Example, uiule applying Karl Pcurwoit’r :uih .»* 

have an idea whether’ (x) the acuttur 11 n.c; h.» x. * *mux ti v »» 

found 

and effect relationship ic/betwonn ilk v&jcaafai'>-;/■ nm 1 {*>*>- J 
inflated or extreme values aro uaaotMftg m t4ifi **uv v -**. *,U, 


)[ ti 

itiH u r n one mutt 

v r .0 1 ; (ii) cause 

, 1 . . ; unduly 
1 * i'ff.ctuig the 


value of '’r'h 


6. analysis of conceptual ciwr« that »aay bu cwaj.it*>>.. 7 t* t-ahon at 
teaching the topic (including gepu/msconcepii 'n m the voxtbuchy: 


a) Sho concept of correlation am* regrei r xvri .nil V «uiiuct if it 
ic studied side by side no fejLlo.t : 


Cor rela tion 

4) It moans relationship but-icon 
t* variables 


11) Here mutual associationship 
is considered, i # e. the va¬ 
riables are mutually dependent 
on oaoh other 

* 

, ,3m) Sometimes correlation exists 

between tijo. variable^but cause 
end of feet relationship is 
not defined. So non—sense 
correlation exists, 

iv) The coefficient of correlation 
" r " measures ha^re gnd degree 
/ of ^so^a^ionship. * 

' *' N 4 ^ t , *■ ( 


'l* A*~ # 

4) It i*n * t.-pping buck to average 
v,iu> . AVwX‘t*4JC. relationship 
brt'mwn t-fu vaixabioc is etre- 

itOvd on* 

ii) ly.ru the functional relation 
*.xi. tn lvt.A.x'. two variables 

vhuiv one u fu.ptUidont variaido 

ami the other independent 
van r hi >•• 

ill) as. if !** - functio.JvX relation 

between t-jo variables one d^ 
puident f jiu other independent) 

cause raid effect ruLationship i g 

dwnys defined. 

ivf Hero prediction of one varictl 6 
, x, done when the other 15 known 
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v ) fne coefficient of correlation 

between tvra v&rmahloo (say x 

and y) t ^syrometric, i.e, 

r » r » Here it does not 
xy yx 

matter which. variable ^depen¬ 
dent and which one is inde¬ 
pendent* 

vi) "r" iu a relative measure and a 
pure number, It is independent 
of unite of measurement. 

vn) Linear roi atxonshxp bo tween 
two variation id studied* 


v) The regression coefficients are 

hot symmetric, i.e, 

b --jfi b 
yx xy 

Here one variable i<£ dependent 
and the other is independent. 


vx) b and b are absolute measure! 

yx !xy 

Its units are konoe 'as that of 


the respective series* 


vii) Both linear an well as non-linear 
relationships arc studied 


b) Relation between correlation coefficient r and regression coefficients by 


uHx end b must bo studied* 


b x b 
yx xy 


<Y 

v K y & v v ^ 
7[ -. A 

J J VJ 


(T, 


*« r -JlV/^yxX^ 


xy 


So v xc tho geometric moan of the two regression coefficients, From the 
above, it is cfltoar that b ^ and b alwcys have the same sign and further 

y xy 

v t b and b also boar tho same signjju * 

«y a jQf 


A few important property rct't_ug to r, b and b * 

y x **S 7 

i) Two regression linos arc perpendicular to each other if the product 
of the slopes » —1. 


i.e. b 

, yx 


* 4 - 


xy 


—1 or, b m — b . 
1 * jcx xy 


<r* 


or. b 4, b « 0 or. r J y__ 

1 yx * xy ' ^rr— 

•> -x. 

or r •* 0 , 


+ r 




(i 


y 


or, r/ 4- Ilk ). 0 

rf yl (f sa) , _ • • , " '■ 

Jo r = 0 is tho condition of peipoadrcuiarity of Wo regression lines, 


ii) Two regression linos will be identioal if the slopes are equal, i.e, 

1 . . - ’ ' ' ‘ 

D e» V" 11 1 ^ 

y*- “jy - - 

or, bb ssl v ~ * 1 

’ yx xy 

or r 2 * 1 off ^ + 1 

Jo r = t 1 is the condition^ parallelism of two regression lines. 



X?0 Hie co .ifiion points of two regression UW»a y *• u-i 'b* end 

x = a + by the point (SE^ y> , wheru T*anu y* are the Adi* 
of respective uerioa* 


Geori.otioal rep re Dentation - h xxiwj.** *3io following 

* 

figures rill reveal the principle that trailer » 1 tho angle between 
two regre: cion linos ■ -f-fc- • greater m th, gd 4 * of correlation. 



o< ji ic i do co me i do 



Both rv-grm&ion linos 
pe rp oncti cul ar 







Angfe between two regression lines'; 

Angle between two regression lines 

y ~ V « r ‘^T ' * (x - T ) 

. “ 4 *-' r - r 


is given e.s 




- m 


j. ~~~ ^ >»*|i 

* U 1 — m. m 



. 109 :- 






77 ; 


X’ ^ '''■^ i %. ^ 

m*.lili*l»TWj, *- *° W *W » |4? 

(J , v* •" 


'l 


> 9 > 

' ■ [«l,^yiW f »i"U. ii - ^l '» 

! A, 


r * ) 


•Soil 
V 


,1** 


A __ * 

i—v fy 77 . 


J a 5 


Z- 


y 


L l 


U'>t» : ' I's ,\i, ,, 11! t.%t ot thi i.io jx-gru^taon linos arc 

m - y & ,ii*J m - ^JL- 

•■'■•• f-K f'hc 

* J. 


j^oiu the , h -v.. t«h * u. 1 tiou v it 0 for perpendicularity of t,jo ixigresoxoi 1 
nuec. ui<i r o 1 f >*• Cy>Ai»cirtfiuc** of two re^rcobion linos may bo erf ohl^dccU 

•f) (jiXoiJ „1uju r> th>i'i«;,X ittuutionr, by Least Square Method: 

Pbr the J 'la y 4. bx to \n, a boot fit liuo for the observed values ( x 1 e/l ^ 
^■ x 2’ ye) 1 — , (or. :/ u ), oho non.taL equations arc calcufated ast^o^d-rS ' 

f ’tla.t xt,n pi toutir^dy — lorocnstcd y ) 

x Obi t rv>. ,. y 


forecasted y Ik (observed y 
_ _ — foicoasted y) 


x 
. 1 


X 


+ bx 


1 


+ * x n 


y 1 ~ (s+bx^ 
y^Cd+b^) 




6 r n ' 8r '" bX r^ 


^r g - )2 

< 5 < 3 C a **v- 


Vortl c@l di f’f orenoe between. * ,, 
observed value of* y and. ©sti*“ 
tnated value of y 


<- _ _ , c f a 211(1 13 WjJ *' L 

- Now the method.* 5 the valley the 

th 0 t *. 3 u» Of *» 

difference© between observed ^ qeast, 

• v&LUeei of y become least l« e ' 
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Now here x, y are known quantities and uo Hi depends on a, "b i.e. G m thn- 
case will be treated as functimx o£ a ana b. bo ;mon xs to be minimum 


_XtS_ = 0 and ~ > S., 

b 


o 


From (■)) 


Prom (2) 


rrxnr.xpie of Maxima a.id Hini Wa of 
raLculuj- 1 . ar>ulied 


So ~d S 

^ a 




n 


J 




a 


X SSL 1 


( y x ~ * 


bx x ) 




?<- 


^ (y r a - bx x ) X (“O 


\ p£ix*1i*x cU* clxi jfG.X'©tut>iHrtioii is 

“ J 


uon© 


■ - z 


Siniix arly 


_ ' 

S 


a - 


( 1 ) 


" 2 * x Cv, 


a - bx^) 


-(2) 


- 2 




x - a - bx x ) « o 


«\ r » ^(y, - a - bx x ) 

^’&~L a - b Zw 

&°i ^"y x « y a + b ‘ > :r 


x. 


0 


0r f 


L y 


na + b “Y 


a.uh id the fir. t normal equation. 


-2 

Or 


Or 


-- 2 
X i 

.? 

~1 


y> ^ *X (y-L a — bx^ ) o 0 
^ ^ (y x ~ a - bx x ) «* O 

* 2V* ~ * I**-* 2 

0r ’ )" X 1 y i " a ^_ X± + ^ /* X 1 

^**11 ch IS the second normel equation 

Similarly^ W e will get the normal equations of the other regre¬ 
ssion line x w a 4- by 

as ^ » na •+. b ^ y^ 

22 y i" * Zl* * b / v i 

bru n et. . 

HcrUc eon-ei. ation dae not been mentioned in the textbook. But it is 

ti&L " ,hen 00 ‘ ,!paratlve bot.xocn quniitntivo ante, in done e.g. 

icicncy tests, intelligenoa etc 11 re xh 





or xtewB aaew r^^vrdjihi#: 


s<*> - 


* x *tr ,,»nt -#r «.l fi ri« 4 ,'y ut , th/’ 


iiOrflJig f O 1* “^0^* T '* "^‘f * ^ r ■ *■ At** ’'*?* f,”# ' >> !; -■ jPt*. *. ** A | 


B \ ffyjr vuitM-d x * w,,1 tti.* ^irm^iiili^ »• i* 

iL“.. 


14 *5 " ,B-r '^ 


*' Jv 


jj H ’ tr ^LSmf^ £•*& f ^ f> <« ,f * V ^ • & SV & V X mA£ &$#,. $-%?! 4 K ft&XSwIh* 4 i* T J *T 

lto f r,i» 


b) 


* V ,, t 




V 


-Wher^ t , t * l , lui jv», i** r .« *vj anaii- i:»v*iv«;•'.: un is. tic* 
H r dt.i &!«; If**-* sv^t - js*. - l It <1 ? 


1. 


^cua^i^r. 5i_. ug j~j\\€ ryj *. if .>-* _-.s t 
to tho Kt. t gu re * rr an 3 


; t Ajljt u ?_ tj * tA 


-*jy to* jw^jRd by th e te achers 


Th« foil j ni'M, JUr»'i *1. *{<(« 1 @y t*" iv »5 

1 ) vTncth' r t.o r» *•»'«*? n*.on ijnnr *rn rn*. r or not Y 

l.e, Mh*tth» r > ~ a * I*y 4 *;, '. r » & * fey hUI help JUS predating the imm 

VfciUO* 

A 

'Bsc oil. «“i i -J ’*:c y or, ti*<> fa*XO*J;*-tj «xpi*mi*.*Uoni 


-'ss the re£$r»j: j^u 1*4 y *« ,1 4 . bx f «o iso. mat.* a the vortical difference 

between th*< u' t , v K rv« j vjuuk of y uiSu tho eatiiwteci vain© of y. Xn. doing 
co ’in igr t \h* jioit.aA. *sf*e*%x\ttx faros* rfhicii & ahd b asro found out* 

Nov? xn th< ^r.,,!,non line x - a + by tho minioioation of differences 
between obcex*Vau Vfaiu^c oi x #t»d wstlsmied value of jc aro done. OHiese are 
horiaont**! dij^l*ce«iwits and tho noxt«si ta|tte.tione frotA these vriXl give 
the vatuu’ of a ami b dlff«ru#it f*o» the previous a end b. 





« jfc 

*■ t 1 — 


ii) Another uestxon of In-tetvut ^quationr 

reprerent the two rugnaoBiOO 4i«y» s ? 


?ouid 


Exacted o: net the two cquatx&»n h* 

*> X -f* r^jy 182 ~f* 


an; 


3y 


’X 


CO 

(•} 


Nation (|) it, esproca-* y vs- * 

t»o* ry » /2 — ,x 

or y »-—4 x + 


£. > 


and equation ( 2 ) in ox*T*t. 


nC«. d *1MS t 0*5 V 


X.O, 3 y ;» x „ 4 


or 


Jt W 4 Jf 


0) 


Noa tnc cuvdfxciiont of x xu (3) xo - 4 Uin of y jjq (2) 


2 


Mo 


* 

/ * * 1 ^Sttiooxnn .'j-.i£ xwxouto ho. of u^o''.>it* hence wc 

consider the $ivun thau *0. tv *’ mu . niutitmK. 

lil) Ano ' thur "*««■*«<« nucutvou X. . XV..U xu th. luiau.m,,- usu^Io. 

a* 1 *? ■ ./heather 3 y ~ 4 x — ■• * 0 Edui jy - .-. • t, — 0 arc rwu’oribXEin 1 ‘ 


Let the dine y on x he 


or 


-^y ” f ‘x ^ ^ w o 

y =■ 4 x 4 . ~ 

3 .5 

ond the d mo x on y bo 

3y - x - 0 » 0 
or * ■= 3 y - 6 


0 ) 


(?) 


W both the cooffiexents or ^ arc positive i.e. of the sai 

Bxgn but the product of the coefficients 

i X3 " 4 ^>l -( 3 ) 

But wo know that hr v -w. 2 ^ - 

. - 5 * *- V and ~ -i i . 

- )f . ‘ ' J ' . ^ - ^ Ur .^ 8SW f tptj,<w *' 9C toiclng y on x and x on y are wrong; 

i± " ro consider the line ' ‘ ‘ ’* ' 

/ 3 y 4 x - 2 « o as x on y , 
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thon x 


2 


and the line iy — x 

■then y - ” :.t + 2 


- jf4)’ 

6 * 0 as y on x 

- ( 5 ) 


"both the coefficient's"^ and ^ are positive and at tho same tiine 5 ^ x "3 = 


Now 
holds -,ood 


X / 

4 N 


11 iy — 4 x — 2 «« 0 and 

© * 

3y - x ~ 6 » 0 are talcen 

as x on y and y on x respectively y hen these will "be regression lines. 

8. Diuc usel on of ooi no o n ri»hfn cnt materi als on the to pic whioh the jttsaghejrs 
a re uuppop od t o knou • 

a) Nonlinear trend in regressin g , analysis* 

I ) Method of fitting a parabolic curve ' 

If y = a +hx 4 - cx 2 "bo the equation of the parabola to he fitted to the 

o. values (x 1 » 3^), (x 2 , y^), -» y n )j the iest 

equal’-• method may also bo applied here to get throe normal equations 

involving a, b, c as 

y y * na + b + 0 X? 2 

2—3 

y xy »* a y* + b yjc + c x 

2_ x ^ - a Zf + b 25 * 0 Z* 

Prom the above &, b, c ore calculated and put in the equation y - & + ^ x + x 
to get the best fit parabolic equation. 

x bx 

II ) Method of fitting exponential curves of the type y - ab and y = ae 
best fit. 


a£ 


- ( 1 ) 


For y c= a b"* 1 

or, log y = log a + xlog b ; ' 

l_ct log y = Y 
log a *> A 

log b = B y 

’do get the equatio""'n (1 ) ip the form 

Y . , h f BX i.e linear in foim aid oWn Be taoKLed as lwtt 


best fit line* 



—;1X4t- 


*>) 


Sxu.3j.arly £ or V - a c » the .fcov*. 

J 

To ache 35 .say nave en idea dbnMt %n< 

correlation* 


. .< Ih , i iv itni s.' du 

* w < t* ilk >• P * ft*" * * i fr* 1 # « «J*n * 


■^ru'ocrfjiu.c i rror m 


Similarly the idea of t-rn; 


,f 


Ik , t fit line. 


% 


Cons traction of 3111 uL^i t _t_ i _ 

solution 


•_.y O..I * j* **3*1 i&r c„»nct,p \, end its 


Proper u>piico.txou of Rcgsxmv.i rljuj.ti » a -■ >reWv J alm fc technique - 

& 

Piollcin \ 

The following 10 . ;,ut of wiy-r*. yii ^4 id ciupn * 0 '•.• n. :« 01* rainfall* 


Yield 111 Crjpn fKx:.) 

■* a** . »>i*i i‘im ♦*»’*. . <wi i ■ » i ■ wW ■" 


II 


XnJi-C;> 


Heal 

fit ndaru deviation 36 


Here the coefficient of corivlnUaf. li> ti.ii. yi-lu j.n * nsiVll la <>.% 

To estimate tho yield of crop o whv 1. 3 . * & - .J. * the. . janl ,dl when 

yicsld is 5ii>,id Kt.es* 


Solution; Let yield of crone it, y van, .Uic * 

* - 2 1 » T= w, 

/ T^ | _ * ^>1 J' « 3t> d*U £' w O. ‘J 

03 ae regression equation uf y on x i;. 


jLSiiiuuA 10 x v.-:'iidolc, 


have 


y * y = v^_(x «* x ) 

whuT 1 * ij'jT v i. v 

* V 

or , y - 3OiUoo x 4 

A* 

(x - 1 * 6 ) 

1 ,e 

0r t y « 3 i 6 x + 'J 1 ),/. 

« 



Now -when x « 23 Own 


-? * JaS x ?6 + 414.4 * f jVj. H > 

Now teking the regression oqu&titTn of x on y i.v* 

X - X - ( y *» jT ) when bx „ r .f V . 

* ,p 

or^ x*. 26 « 0.5 1 ( Y *' $®&) 

oy ** 0.069 y -*- 9.052 



—:ll^i— 


L>'S" Kg 


x Of'* y ‘M'u" - 

<1^0 Hi O^I'J * 

Jio nherl 11 •vaufaJU xo W3 Cm. %l 


, n { •p 


* mi 


Z*’ 

is lalcn o- 


MJ y 8 - 1 - ** ■*-« mrcoomted XL p|5.2 Kgs bat when yield 


- * f *1 "k 


^then the rami’ ell forecasted as 26*5 Oms, 


Hus wmto ju-.-U "jl cation about the applicability of the equation. 

Hero au yidu i*. icpcnoent vunahLo and rainfall ic independent, the forecasting 
ms depmount variable m justified* The justified relation is y = f (x) 

Problem ? 


diet her i eg res., ion lmor; become parallel to x and. y axes and can be taken as 
estimating lines i 


Ahs: Then regression linos are parallel to axes they are perpendicular to ee,ch 


The e audit, m for the saint: is 1 

* ot ? -T = 0 °r, jf - J 

end x — x b 0 or, x « x 


"suing this ii regression equations 

(1) 

( 2 ) 


So equation^(i) and (2) are equations of parallel straightlines to x and y 
axes respectively end it is qfuite understandable that ^ = Jg or x. *= x cannnt 
give prediction for any variable. 


10* Reform co Books 
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f) donnacott, E.J & 
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D ) — do ~ 
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rniimiCM^ jJETHqDS 

» ' £ 

i • x.O'Tiv kt km 

in most of the practical problems of Physics and engineering, 
re aeeu a solution m numerical terms. Thu is achieved, in general, 
from the analytic solution by substituting numerical valued of the 
ur- ta ana applying’ the ordinary rules of arithmetic* Ihe^e are number 
of problems whoro ordinary analytical methods, fails to yield solutions, 
A1 ao there problema where it is sutler to obtain direct nuinerical 

solutions than to obtain the analytical solutions first ana then to 
evaluate it for the given data. Various examples of such nature can 
he seen in finding the roots of transeedental equations or in solving 
nonlinear differential equations. 

One of the simplect method is to draw a straight x —e or a parabola 
to fit a number of points in xy •plane, Another is to solve the 
equation 

f (x) « 0 

by drawing the curve'y * f (x), and noting down the values of x at 
the points where y vanishes-. A third is to obtain the integral of 
f (-) hy plotting the curare’ y * f (x) on-a graph paper and countnig the 
number of squares between the curve and x~aras. dliese smrols rnethoas 
give results with low accuracy. Nwrierical methods oah be derived from 
such graphical methods and they give more accurate results. 

The results obtained by using numerical methods are not exact. 
However, calculations are performed several times to ootain a result 
very close to the exact value- Sbr instance, one starts with a kno &J n 



apt) roxi mate solution* uoy* •><<** if *• usm*. O’U^iu & tiottor 
apnraxii.ic.ti4n, tay, g^. S-'-i <«fc4dU<Hi i: «ien to obtain 

a still "better approximation S, i and tin. :, xc rcpeatou till 

a re unit of ue*»irod a*-fldra<y m jyiufkii 1* Vha^xarfci the result 
obtained by numerical method x<. not ostadr a)* 1 ' ihu t./ahcM il 
repetitive in nature, 

m this proeo.«i> ;o f therefore, \mi± t.,0 typo., of an. bun - 
exact and approximate, I*Hr ex^splf , the au.,hcr* I, '\ *, } 

j , -d-| * <** J | TT^ ( o ) *»,« * j otr* tt* n in thin 

■iJ 

form are exact. Bit, Cor exx.’ipiP, ca*« 'an ,>vrjB a v^ua „>»1 J.6. 

IMc la not exact, Ai.o, *.., better viu. 1; ea* be t iven o? 

3*1<J»5920^4 5iiu.i, tac uce of uu^h appiu:^x,.ai*on. in the t^ta give 

nuc to error:., Therefore, th* t rror in J.c r*;.iut . vy be u.ug to 

error m data or due to error in th«- ■ vU a ♦ vr b'AU, Thero 

% 

errors arc of Varied., nutum*, thyy ail r to . '-voral reasons, 
for example, in iiuitij^, the number o. t a*fxtx either 

oy tiuni citing them or oy mcnuing them **;, 


Again, the rapid development of hi u h .pee, co.iputorj 

and the increasing' dcr.ir^ for nuaerxCtJ, ijv "»n v . xo rnplicd prohLeins 
have enhanced the du.and of method.. alia tiJohiu.pAun Oi the numerical 
analysis. 


O 

Cm « 


WZ-M ffi&ME OF THE COUTm 1 


There arc cevoraf methods to emIvo the (rjuati on: of the ty$e 
f(x) 4 0, system of linear equations aiiu the integration of f( x ) 
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nnmerieaJLLy« Bo./over* with ih the present scope of the bock, it 
is limited to the folio *1 ng t 

A* SOLUTION OF £(x) m 0* 

Hero f (;c) ara guJOiiaed to he continuous and the following 

I 

mothous ;3»H hf discussed* They are 

1, r ihc Bisection Method 

2, The I let hod of False Position 

3, No:rton - Ran^eon Method 

B, SOLUTION OF arSTS; OF LINEAR STATIONS 

Here the system of eqiialiens are assumed to he considtent and 

j i 

the number of equations end unknown variables are^earns. However, 
the folio.nag methods are discussed taking three equations ant 1 
three unknoenc* 


1 * Gaussian BLn ination acthod 

') bufcxklCW' 

5L« Gauss - Seidal 1 ‘ - Met ho a 

► 

C, MUiISHIGAJj IHTEGRhTiai 

Here again the function is assumed to be continuous, and we 
limit our consideration to the following two methods ^ 

1* Trapesiodal rules 

2* Simpson* s rule., 
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3. A BRIEF OJUfUJE 01? W&at£C*i* X£E33iJJ 

It ic, dGc.ij.v.bjL0 to ixcrrUon liorc :*>, c fe&turuu of numerical 
ni< 3 thotill , fop inotanooi Ia-u * ■ a '}„ 4 ( > * ■* i ^ ii ( ,UAVj nere thin jfiothod 

is applied and .,o on. 

Consider^ far ejoiplc, Ova foil o .mug v^ur. * 

t 

TL - -ii,b 

Velocity of li^ht, G « ^$> 9^00 k.«/;,^c 

ravel ength of covu.u.,i t I> 0*GQ00btiy , c„„ 


Ihe Kero:, an C and 3 inairate only tho ...Lv.nxtuno of the 

% 


nutnbero and not their accuracy, Tho lb 
removing ouch seroo frou the* bcglimuic 
oicnif leant figures Thu a 7^ rontaxun, 
duia C jxiC D contain four r«*<*h 


id-ro thill rcuianc after 

or i--,* . kno* <a EW-* the 
i xve M t 7«u.fleant figures* 

aub * f*9 ^)* 


Fur thoX 1 suppose oil u.q>*,ro, n,i m , ihn v.^m* c C C -» 299793*7 
W/aec and the por.ubie error tha v.auc is .. 1 k,.,/t,ufi, Then, 
r.erveo no nuxpoco to ,rrito vhc vciooily to neveu figures. Only 
the first four* fxgurcu arc .-ifjjuficant lx thi. coxc. fo, therefore, 
drop the •'ei.iaming ficurc. and round off the value to 299800. 


No ; t, g turn our attention to sards 
occurring p noble,* x/ to find the loots, 
f ^x) ca 0 , 


the o x*o hi k frequently 
of the 01 ti at ion of tho fond 

(I) 


If f(x) lo quauratic, cubic or bicju&ur&tic e;qvr , o:,cion f then algebraic 
formulae are available to express tho rogt„ in texsftj of the 
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oocff rcnta. Bat, ih.cn £ (>,) is a polynonaaL of higher degree 

r ■v. t 

Li. 

or an exprea&xon involving algebraic and trsnsedeatalo functions 
or so, for* ex&rtplo^ 

+ -\r 

■] 4. r-o;^ x ■ 3x t 3t "tan x * cosh x f fg’“’ *- sin x , etc. , 

■the algebarxc mcthouc arc not available* Hero one has recourse 
to cpproscuitatc (nmuvcrioai) 'methods to find the roots of ouch 
ocfiat j one. 


The follQ.aiKJ methods csui "be exploded i 

1, The graphical. method 

The interaction method 
3, The Bisection method - p 11 

The iicthod of fsiee^poelticfti * 

i 

'j , If g , 1 1o n-Rcp sc n laetho d 

6„ Gone raL i so <' No ;Lon-I4ibthod 

7, Muller's method 

8* The .^Loticut uiffcrence method. 


SALIENT FEATURES QE THE iIETKODH UENTICNED IN THE 
CONTENT AND NOT PROPERLY EXPLAINED IN THE BOOK 
PAGE 619 -- 653 . 

~ i 

Bisection uethodt Here ,m get successive intervale there the 

- »* ** * *- * mm mmm*-m*+~*' t ■■ upl" ^ ** 

root lico. Bis length of the successive interns is redtioed 
to half of the length- of the preceding intervals. Here n 
should he remembered that in ekoh-caca the root lies the 


interval. 
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J 

Heun&tLcaUy opcaking out tan ...iVs t, rouji c. ta ...ate or -the 
,a number of inters tiou^ w bn ;>srini,..'<- w# u yifun tho riot 11X3(1 
result* Ibr example, it ro dua«» an acmr t 7 of th^ce places 
#f d&eiuals pud ohoo* o tho length of A.***t untervfa to Vi 

unit| then 

the length of interval after u intern Uon.-, uhouhu he 
X ego than k 00l* ‘font r t 



or f r 'y IQ . 

So it ncods to porfoini unto 10 auV *v Lw in th * *• 0 (h«*»>.3 0 6 

Further one should not use this U*j s. > «chuw'v^xy tu evident 
from the hook, For, consider tin curve . ho ,r. in tho *ijuro. 



The root ^is close to anu Ire**, m )* 'file method 

"voll take severed, steps to rea*h it, TxscsiiwO who interval ip divided 
every tirr.e, Also, even if the root is '*iu..o to x + \ * ^ 
requireb several steps to pcifoin to reach it. 




it, evxnont from the figure 2* Therefore, it 10 advis * 
£4.bio that >; q .ju* ‘Aiuuih toe ohoooon close to to its left end 

-LOghl respectively s*o that tho process proceeds j.iuch faster. it is 
evident! y oi ear 1 x-o;. the example i/.. 1 of the book, xf ue follow 
c uj •under x 


Jn sixth, itera txon ; 

f (-sjj, ** 0,00. .77 (This xs close io^. 

Thou, /ci calculate 

1 ‘ (1 * 791 ? ) «= ‘ - 0 , Oxl 1 

This i .ouns that ire should choose 

x D - 1,79593 , ^ ,= 1.7^687 

*- 4 eiVVuft C~YV' , - J ; hC.Y'Ci hc-’y'is 

for the next ; V.. -* ~*j. } and xt gxves the result of tenth 

of the booh. So, work of four iterations con be saved. fhrther, xf 

we had chooxen 

f (1.796) * - .00279 

/e v/cruld have for the next iteration 


x o = 1.796 '1:9, ^ = 1,796 

and th.LS leads to a somewhat better result than the 11th iteration 


a .-suit of the book. 
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Rpuiarks 

lt theory (I - Am, to->u in ;;t,i the fxrr.t mtorva* 

{ \ ,£> -there ix only one root othcr.ijw <11 jitoro. f-aloula— 

V 7 

txona are nexcxxary ix acte r^inx 0* o t \ A 

?. Qjic remark 1 on n. 6 ‘Sj : hould wrr^Uj* br* o.-mhaox&ei, 
It xx i.ii:leading. It thouxu, foi incite, be tJwt x‘(1 -796) - 
-0,0027$ fexU to c.atixly the Ration 'tv -O.OOfV? »hirh i. a 

quantity niooe to zero. 


Method of FaL to--Po nation 

H , ; ro the curve bet.ecm, 1 ,-o point., in enprosui.iu-tpa hy the 
line coining theuc pomta. It a, bettor thud Vue Bisection method 
ae the value n on the curve sun utxu. th-j choice nf the 

point, arc .umortant, Onvow r, for t-x~r,l* , vh«i foil owl DC curveb ’ 


[(') 


/ 


y 




y 


A / 

/ f 

f A ■ / 

f - ' 

k / 






1 //' 

' ’ y ' ' 
V y' 


n 

/ 


x ^ / *. 

■■ ' /-- 


i 1 5 



,J y / | 


i? 5 


ill 


y 


>f a [ 




\C 


l 

A 


-r 


)L 


7~ 



; 125 :- 


Jo, the choice oL' -ooxnto a.x'e important, particularly when 
the cuxve x .j ixxnnxn^ r Uj„ 1, parallel. to the aeai< of x ; m 
this Ooi,o bhe bisection method converges more rE„pxdLy„ 

Iff ITOLf—RAPIlLiON 1 iKTHOf 

jf j*. fin x..spa70vaja$nt o£_njoth.o& of £ aloe—position. Here 
t^r-xn the (rur/u i. opox-o xiuiateci "by a straight line hut this straight 
lmo x: the langent at one point on the curve, r fhxL, method is 
v lit .axtabi a ihcn the uexrivative at the point is small, Consider 
Inc following curve > to have this jjoxnt fully appreciated. 
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GMJoS ELlMXhATXOd ilETHOD 


In equations (l «. l ) - (1 ■ . 1), Av f'houlu b*s roiaeuibored. 
that the coefficient; in the top left comer is not zero and 
ia large roarpareci to other coefficient:., of that equation, that 

\*>u xLol(sSg^ 

is, (i<;*l)» If it i,', aero or eMail ,-m into th* % „ „ i . 0 
in different order or the equation:; in order. I^br 

instance, if = 0 or mm&LX find b^ ia ferny large, then the 
equations shoule be written as 


U 1 y + Of X 4* s 


d L 


etc, 


This moans that jo shoutu check ami arrange the given equations 
in this fashion fnst bof o re nrocc oding to obtain the solution. 
Following tho method equations (i .l), (•} ., r 
give the result on back, .aw: titution. 


But, q^IJ 1 o for unique solution, ii ef* « 0 anu 
11 J 11 

d-j j 1 Oy the equation is moouu:.font nth other two. 

Ilcnco there is no soli 


ii a 

Again, if *0 ana d.. * =0 , the equations are 

consistent and the values of x and y are obtained in ten jS of a. 

“2 can take any ai’bxtraiy finite vaLuct,. 'ilio solution is not unique* 


A oiinxlar argument can bo applies to the seconu equations, 
if necessary. 

Real ark 

1* ^ en thcs coefficients become too small, it is difficult 
to obtain the desiroa resist. For exai.plo, equation (id • 3) ^ if 
assumes the form as 

.00021 % m ,00012 , 


ht* ** 
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vie get'an answer correct to only two- places of decimals in- 
< 3 p 1 1g of the fact that jl t i : uuen worked up to five places 
of decimals. 

2- Uhls method can also he used when the number of 
equation: ana. variables are unequal * 

/V 

QADl5fcr-aTiXI)^. METHOD 

The leading diagonal terms should be fairly large* Having 

arranged the equations m this fashion we obtain from (lt»7), 

(l-,.8), (l .-9), the foilov/ing : 

x = d- (q - y - q «) 

y ■ - l b s • a 2 x - °2 a) 

“ " “ a 3 x ' b 3 ?)• 

I 

No / the iteration begins as given in the book* However, it ghll 
read to true results if the following conditions are satisfied: 

M> | h| + 1 c il ) 

\*2 { > | a z\ + | C 2 1 / - - ■ • (3) 

1 1 I > \ °3 ( + 1 ) 

'Thuc, the uiagonal elements of the coefficients matrix mce 
fanly lajgo oo,.pared to other elements (coefficients). If they 
are not, the order of the equations and yariat4.es should be changed 

so that the conditions (3) s* 1 * 6 satisfied. 
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Ti'lAPEZOIIIAL kulb 

Hr 


If the mimher of interval,, arts ,.uf f icxontiy large 
then -the trape&oid "by wbaen the «^roa i<u th,.i particular interval 

i;_ approximated, in getting ».«ore accurate, For oxampic, consider 

Tl 

— « . , (6 pi a* o« of dfeoiinals) 

4 -S- 

o 




If (/’) xs evaluated ,/ith cifttal interval; then 


v 


ux 


1+x 


1 


^ 6,262 




(3) 


and ir, evaluated with 8 cr£u,d interval:, tutu. 



« ,?8 ‘,8 

Thus (b) ig more cJ one iu ^ ; ,j 4w , ( f >) ; 



2. The graph of the curve nhoulc, approximate to straight 
lmc, in order to fine the exact re.aiftn by thi * method* fhr 
llluf it ration, please nee the following figure t 
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81. PS ON*b RULE 


Hel ' c tho iP Bp*>roxLmat«4. by different parabolas. 

^lL s o tho result coifie o OX.use to accurate value if the nuinbe i-s of 
interval t> are JiUl'lioxently u\oro« Per exa*iple, consider equation 
( ) i tyf talcing >\ end 8 interv^s re bp e *t ively one obtains 

'f 


(x) X 

f . 0.785552 (7) 

J 1+*" 

° (q intervals) 


(xi) 1 

( —5S~ _ 0.785353 (8) 

J 1 + x*“ 

o (8 xtxtervaie) 


A coiitpaneon can give the idea lucre -clearly. 


Re •a.rk 

The interval C a ' need not he divided into equal sub- 
uioorvals- 5br oxalic t consider 


2 2 



In the interval (-i-, 1 ) the integrand varies rapidly ^here as in 
(l, i) it is not varying 60 rapid. In such case 9 the interval 
should not be divided into equal length. Obviously, the ^iaitoson 
rule /ill be applied to obtain the integral xrutwo interval, s 
l) and (1, 2) with different h. 
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5, iLamJAUVE AMD EASX'IR I4ETHODS 
(a) Iho graphical method. 

Here fhn functions arc plotted «nu. the point of inter¬ 
section can "be taken as the solution of the p 4 . 0 tu.euW For exaiiiple f 
consider 


x ‘ + run x ®a 0„ 


( 10 ) 


<•> 

Je cm plot f. « x*' and f,, « ninx anu nolo the point of 

intersection to have the approxui&tc mote, lh t ,t „a t 



Again, pi in wo got th-* moroxim, u value m ran re-plot 
the curve m the vicinity of this value on iur.'c ecue to have 
uioro accurate values. 


(h) Iteration method. 

Ihe equation (l ) can he expressed in the form 



Let x q ho an approximate value of the dnaireu root. Then, 
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Hehoc, "the successive apr^roxi .iations are 



= n “ ^ ( x n-1 > 


Here aribei 

h 

) 

xxi) 


several questions/ for example 

Is the sequence of approximations X Q , x^ j 
always convergent, say, to limit, 



If it is so 




"be a root of the equation 


*rx 


How should we 
XO^ x n 


choose^) In order that the sequence 
converges to the root ? 


It is out of the present scope to answer these questions, however, 
a muff- cient condition for the sequence of approximations to 
converge is 

I'p'wl </"<1 M 

m the neighbourhood of the ±oot. 

However, the reader may look these questions by considering 
the equation 

x 3 + x~ - 1 *= 0 

.jhich can be put in the form (12) as 

a) x ~ (l 4- x) 3 

b) x = (l - y?) S 

c) x « (l - x") 1 / 3 


(I.) 
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7. fJCTIQIu ^ 3SSI A mTiCUOK 

1. Ibee NByrtofr-Baaif^oa Uethou «*L.wyt. give the mot if 
f^ (x) is largo in the neighbouihood of the root Ult j^(x) «boa 
not exist at one point Mly in thin nxjigh.bourh.ood ? 


f Bie method «.iay fail if the initial ^jpjxoa^tion x Q in not 
sufficiently dose ^ the. Iw r.o& tha feUa-ang 



It is dear that if we sl^arf at x * than x. » x, . x t 

?►* 1 3 F b 

coincide as also, | j »»** Hcno^th© tmice^o ..’ill never 
converge. This vrifl on $qy Mint on EC# Hut the prococs 

fill converge if the point Ueu on &, Hone it should be mentioned 

that similar ^xe/iiplas g an bo -0Metru$ted oven if the ^rve is 
slightly guivad at 3 and b points. 

How can we evaluate integral sj such as 
1 



o 
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Here the integrand tends to lafimiy nc 5c approaches unity. 
Trapezoidal rule and Simpson* n lule are prohibited beoanse the value 
of the function at x ■ 1 does not exist* .Again* the graph is 
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If 

we cay 

h + x 2 + 


tjo fmcl that and beco .o 

is an .approximate VcJluu of 'the 
I are hatter approximations. 


prognceoively smaller, 

integral } hat I + X 

| 


t 


Rental Since the power of (l^x) m —\ -— la it can 

V { Li 

V 1 *x 

he shown from the theoretical 1 c©nsiderations 

that 1 ie finite. 
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GQMHJ'TOTG. ALGORITHMS AHP FLO-'/ CHARTS 


1* Ilot iyat ion of th e tppio 

All of us know that for one set of values of thro© side© of a 
triangle, the area of a triangle oan he easily determined by some standard 
formula uithin a very short time. Bat if we vrsnt to calculate th© areas 
of 100 triangles with i00 different sets of values of three sides, then the 
task is not very easy to do it in a very short time "by the earlier methods* 
But now-a~days, the areas of these £nangjos can he computed within a time 
winch cannot he simply conceived of a feu years ago. 


Another example we oan eite that if vjg wont to find the value of 
3 

F =yc for a net of values of (x, Y), then it cen be very easily done 

within a very short time. Bat if we wont to find the values of F corre¬ 


sponding to 1000 seta of values of (x, Y), then this cannot bo done v-rithin 
a very'shovt time hy the earlier techniques* Once again we can say that the 
values of F corresponding to the IQQQ sets of values of (X, Y) oan ho 
oauputod in an unconceivably small time, at present* 


The third example, wo consider, is that if wo went to evaluate the 

integral \ ^ ~——- hy Simpson* e Qnc-Third rule taking only throe ordinates, 

J 1 +X 1- 

this can bo done vn-thout much effort within a short time. But if we'want , 
to coiTputc the same problem for lOi ordinates, then the task is not very 
easy and at the nemo time it requires nmoh labour and time m the earlier 
systems. Bit, in the present time, this has become so easy as regards labour 
slid time« , , 


Hence, from the above discussions, it is dear that the computation 
ploys a vital role in the solution of -Mathematical, and Scientific problems 
within, a very short time and without giving much labour* 


2. - Brief outlmo of the content, 

gj ~ u ’"X - ^ f 

For the computation of M&thematioal, Scientific end other types-of 
problems within a Very short time and without giving ranch,effort, .the high 
speed computers arc being used. *h© use of computers require© th© KlaowLedge 
of Binary, octal ond Hexadecimal' ©ycW.u of numbers and their operations 
' ,, tion© to the do cii cl rystem. i ^» 



139 »- 


Thc computer, being a machine, cannot understand our intent ion and 
language, .t has its own language known an Machine L&%jgugge vfhich, again, 
cannot he very easy to cope with, for our purpose, To make the computer 
•understand our intention and purpose jl , have to kno.? no.iu languages which, 
coirtputer can understand. For the sake of computer, m course of computation, 
wo must have some knouLedge of flowcharts and aLgowlthmo oo that our inten¬ 
tion and purpose may he clearly and effectively cohi.iuuxcu.ted to the computer 
to achieve our goal. 

Although the computation does not require any KUo-iil edge of tho cohputer 
machine, a curious reader may want to know atlcte.t the* major components of 

S 

a computer. 

3* Bagp l an&tion of te ch nical/mathe matical tor.«; not propoily expi ainea 

The term bypothotioaL oo.nputer ohpuLd ho dropped to avoid confusion 
as rn have already discussed tho design of a e mputur, It 11 hitter to write 
a computer of 16 hits or 32 hits etc* 

Tho difference between fixed point r up rose n t at i on and floating point 
representation should he cO,anL> , , ' fixe d pel.*. ih*. suggests 

has tho position of the decimal point fixed* But m tin rv.sts of fjociting 
point according to its name, we can. change tho position of tin; decimal point 
to write it in exponent form as discussed in the hook* 

Natural language is the language used hy the human beings hut, as 
aL ready mentioned, the computer being a machine cannot understand, till 
today, the meaning of suoh languages on used by uo. Tins should he explained 
clearly to tho readers. 

High lovd l anguage *. An the level of couununication is not at per 
with us, l . different typo of language or languages toll ho necessary for 
communication to the computer machine vrhich operates m hx^l speed also. 

ihis in.guagos arc FORTRAN, BASICPASCAL, COBOL etc. 

? / 

k 

^Psoudo language: The litornl moaning of the word aacudo ic faloe, 
that is, this language cannot ho used for computer progrcmiaihg for ooiamu- 

* , f * , 

mention to tho computer 1,0 convey our ipotivo met purpose* But it in helpful 
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for writing aLga rxthifl* 

4 » Alternative easier approach* if any* i * 1 somo 

In rry opinion, as our tiile is confutation or confuting, it is found 
that we are very much, burdened witlx basic, ideas without going mioh into 
the computation itself and the actual intention of computation is lost* 

It would have been bettor for the-young mind if some examples in programming 
languages (not in. pseudo language) are written to show how the confutations 
are being performed. As is actually seen during confutation, wc do not 
use pseudo language- 


5 * [Basic con cept to be emp h asiscd in teaching the topic 

The concept- of Binary,- octal and JJermdeoiroaL number systems is very 
important m relevance with switching circuits* The knowledge of Boolean 
Algebra. is else essential• The idea of rounding off errors in numerical 
computation is important. 


6 . An lysis of conce ptua l er rors th at may bo jin 

toaohung t he topic 


Thu relevance of reading Binary, octal and Hexadecimal system of 

for the use of computer is not mentioned anywhere in the book. 

A 

Binary system hast an application in the design of switching circuits, 
since a switch also has the binary characteristic of being either OH (l) or 
OMT ( 0 ) end since a digital computer happens to be c* w»rmg of the switches, 
we ecu well appreciate the contribution of the binary system towards conputer 
de signing* Number is represented in the computer by a group of eiectrioaL 
switcher, which con be OFF cr ON, It ir> t -therefore, the combination of OFF (o) 


and or (i ) which represents a number end the f sntastic counting speed of 
the counter ie borie^y due to this fact. «hen a binary number i B very 
largo, its conversion to decimal form rs tune consuming end so no,, -the 
provision is being made m the ultra machines to first connect binary to ^ 
Octal or Hexadofemal foirn-and then to deoinel. is radix (or base) 8 is 2 
curd radix ,S - 2 4 , sc-we-firet group the binary di S its three at a.time for 
conversion to 0«i* -*W * a time for HergOgou^ system from the 


-s 141:- 


ajQti 'then we go over "to "the decimal system. 

For exEuiSJle, the binary number its converted to Octal system ex follows: 


0JL1 

3 


OOP 

0 


OjQ jL 
1 


m 

r r 
1 


H 2 


Now the Octal number 30176 can be converted to deoimal number as usual. 

Tho idea, of Binaiy addxtxon end subtraction as is being done within 
computers ■ i >. are not discussed anywhere m tho books. 


Binary, addition 


We can find tho sum of binary numbers keeping in mind, the following 
addition rules t 


1 + 0 = 1 

0+1 * II 

0+0 = 0 


1 + 1 


0 and 1 to carry. 


Lot ua explain why we do so. 


As in tho decimal number system, vjrhon vro come ,eroe n v. situation 9+1 which is 

10, vo write 0 m the corresponding place and carry 1 to tho next phase 

(right to left). Similarly, in the binary case, re don't have a symbol 2 

(which is 1 + l), as we don't have a symbol 10 in tho decimal system, so 

we oarry 1 to the next place situated on the left of it, where spill over 

occurs. Ibr example, let us add i i i to lOi, ’.re have 

1 1 1 
1 0 1 

- 1 . 1-0 . 0 ^. 

Explanabion (From right to ief-^), 

1 + 1 = 0 with. 1 to cany 

1 + 0 = 1 + 1 (we carried) =* 0 with 1 to~-c+ir.cy. 

* 

1 + 1 = 0 with 1 to carry 

* * yr • 4 ^ 

0+i (we oarned) = 1 and thus 

1 1 1 

, 1 0 1 

110 0' 

*** ** w. 


and 



;te can verify "this as follows: He have 111' 


1 


1x2 +1x2 


2^ 

+ 1 X = 7 ana 1 0 1 ~ 1 X 2 2 + 0 x 2 1 + 1 X 2° « ,5 and. 1100 = 1 x 2 
+ 1 x 2 2 + 0 x 2 1 +■ 0 x 2° = 12, which is 7 + 5' and hence true. 

Complement of numbers 

In moot of the couputers, subtraction is carried "Silt by addi|i/ng in the 
minuend the complement of the number to be subtracted. This method simplified 
the subtraction procedure m computers because it allows both addition 
and subtraction to be done by the cards circuitoiy r (the binary added). To 
see cvj how it works, let us take an example of decimal system first. 

He know 135 - 125 = 10. He do the same by 9's conpldment method. 

0 l - d] TO 1 i‘ Xfjy, 

By this method, we first find the ?>e oomplement of the - ^ ne 

number to be subtracted). Hie complement of a number is obtained by 
subtracting it from the next highest power of the radix (called lO»s comple¬ 
menting if the radix is 10) or from the next highest power of the base less ± 
(called 9*s complementing if the base is 10).- If the baso is 2, the^e comple 
meals cno o Hod 2 1 s complements and i *e t complements respectively, 

Ihus 9 * s complement of 125 (l° r ,k 1) ~ I® 3- ~ h 99$> 1-^5-= 874‘ or 

m other words, we can say ihat .'if. we. subtract each digit of the number 
whoso 9 * a complement, we are interested to find,' from 9f thd outcome is 

the desired 9I& complements. Tbr example, 9* s ooriplements of 7465 = 2534. 

Bow our problem was to subtract 125 from 135» 

- ' ’ ' ' ' V ■ ' 

Stop. I " 

Find the 9's' co+leltents of 125. (the sul/uhend and it to toe 

874, 'subtracting each digit from'9)* 


Step II 


had 


this to 


minuend which m this 'case js ,135- ® lutJ 135+^7^-10°9- 


Stcp III 

Shirt thoTeading-^t of the su., which Uf« this ^o 1, to the 

unite place end'find the'BumJ thus 1009 is LL1 ' 

0 1 Q 

, ..trt-,,- yg p-et -the suing result, vis., 10 

Ih^-s is the required answer. £ 


both weys. 
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Mow, 


Th^s when applied to binary system, «tes the problem highly simplified 
instead of finding the 9<s complement as wo “id m the case of decimal. 


system, we have to find 1 «b complement o' the number which is to he subtracted 
and this is obtained by subtracting each digit cf the number whose i«b 
ccmploment we are interested to find from 1. Since in the binary system ,* 
have the digits either 1 or 0 end when wo have to subtract 1 from 1, the 
result is 0 and when we have to subtract 0 from 1, we got 1. Blue for example 

1)s complement of 100011 is 011100 which wo get by simply , . i^in g . - Sta-tegitg . 
i.e. by Chewin g 0 to 1 and 1 to 0 and this, in the computer, is done by an 


out ova atid. QonTOl.amen-t.ar electronically* 

EHgnp 3 .pi Lot us for example, subtraot OOllOl (l3) from OUlOO (28) 


Step I, 

1«s complement of 001101 is llOOlO. 


Step 11 

Adding the corral ement to tile \ nnuond 

0 1110 0 
1 1 0 0 1 0 


1 0 0 1 1 1 0 

* ■■ . . ■ > « r i a ■>* 


Step III 

Shift th.e loading digit of the sum obtained in step II to the unit 
place and find the sum which is 

0 0 1 1 1 0 
1 

0 0 1111 

\ 

which is the retired rosnlt which when converted to decimal xs 15 
know 28 ^*-13 =» 15* 

< *i i»i p 4 jo of 

Major advantage of binary system is that it is epplio&ai* 
the physical systems eus they too have the binary oharooteristxcs. For 
example* in cn uLootrio oircuit, 1 con bo represented by v ol\qg & 


0 hy no pulSO a 



Another advantage of binary -notation is that, with. only two symbols, 
a limited number of addition and multiplication laws suffice and this is a 
big advantage over the multiplication laws in decimal system. For binary 
multiplication we have only to remember that 0 x 0 - 0 , 0 x 1 = 0 , 1 x 0 .= 0 
and 1 x 1 = 1 . 

The only disadvantage we have with the system is that we require a 
good large number of bits (Binary digits) even for the representation of 
a number of moderate size. 

in N bit binary number is roughly e’quivaj.ent to 4 3 H digit decimal 
number. For example, a 15 digit binary number OilOOOOp 11111 10 is required 
to represent 5 -digit decimal number 12414 (= .3 x 15 « i?)* 

7* Discussion, of some interesting questions that may be asked by the 
teachers to the resource persons 

a) With reference to Example 13»14» a. question may be asked while additing 

the normalised floating point numbers, we connect some numbers using 
its normalised form to make the exponent equal, why ? - . 

b) With reference to Example 12. 20, a question may be asked, why the final 
result is not round off ? 

c) What is an end correction ? 

d) Is the floating po,xnt arithmetic exact ? 

r 

e) Are the operations of floating point addition and multiplication asso¬ 
ciative ? 

8. Discus sion of some anriohment materials on the topio which the.teachers 

arc supposed to know - - 

1 >1 

In Brooi^pn Algebra logical statements arc converted, to numerical forms. 
Since logical propositions are either true or felfeo and so if we represent 
truth by no * 1 « end falsehood by no. »O', then by this it will be possible 
to represent logical statements in numerical form.' Boolean algebra-is. 
widely u -ml in switching circuit analysis and design and in particular, 

e 

m the de-ign of logical circuits of digital Computers." From 1 (T) -and 0 (F) 
state a, certain logic statements are-evolved'for the circuits _used m digital 

coujpumerm. 
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In Boolean ALgebra, addition sign.is indicated by the OR logical function. 
For example, if we say that £ * B tzue lf either x is true or'if y is true, 
this m Boolean Algebra Becomes x 4- y* Ah OR logical circuit designed 


as follows; 






/■ 


7 

-\ 



( t 


/ 


it 


It states that a signal on the output llha will appear if there is a signbh 
on either of the incut lines (l in the circle is taken to indioat© this). 
The algebraic expression for the operation of this OR circuit ib^-= x + y 
(i.e B z a &JY m set theory). We fan have more than two inputs also. 


Other typos of logical eircuits are AND and NOT. 


Example t Consider the quadratic equation! 

1.0000000 X 2 - .1,0000000 x + 3.9999999 - o. If x 1 - x 2 « 2.0000000 
are the computed roots, then it can he verified that these are the exact 
rootf oi the equation.' 


0.999999992 X 2 ~ 3.999999966 x + 3.999999968 « 0, Since the coefficients 
in. this equation differ from' thoso ,in t)ie former By not more than on^ unit 
in the last dooirnol place, wo can soy that the q^pruuaid roots are fairly 
good roots for the fqrmer equation. 


The policy of normalising all floating point numbers can sometimes 


Be favourable to attempt the maximum possible aocur&cy obtain able for a given 
precision and can sometimes Be potentially dangerous in that it tends to 
imply that the results are more accurate than they really are. For example, 
if the result of A — B is normalised where A * +,/> 1 3256E + 01 and 
B = + .413145 B + 01, then A - B « +. 111000 E - 02. In this case, the 

l 

information about the possibly greater an accuracy of the result is suppressed. 

* 

This information would-bo retained If thp result were >f .000111 E 4- 01 • ■*- n 

order to preserve this information, unnormo^ized arithmetic) has been syggesto 1 ! 


as has been pointed out earlier (Ashenhurst and. Metropolis, 1965) tn-7» 

u 7 

9. Suggested Reading - , 

a) Numerical Algorithms (B.V.Krishna'rfurthy Sc S.K.Sen)—Affiliated East-West 
Press Pvt Ltd, 

i , * 

B) H” uericol Analyfais - Ammtavu Oupta 


- M. K. 4-An, 
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Motivation of the topi c 


symbolic 1 Qgi.fi aUd fcjlogic are twd disciplines 
included m the gurri|bluui of Attl«soahy* >jihy theil has symbolic 

i 

logic taken a least out of a test hook: of Philosophy and is being 1 

■- | r » 

treated as a discipline in Mathematics ? Are Eyrctooii<HLcgic and 
classical logic two cufferent sublets ? Previously, symbolic 
logicians criticised classical ^Q^ie as out dated and defective 

i r v 

which philosophical logicians trgined. in classical logic criticised 
symbolic logic on the ground that it involved, minceneeptions about 
the nature of logic* 

This dispute is now resolved* The logicians are no*/ unanimous 
that modem symbolic logic is a development of concepts and technique 
which were implicit m the work of Aristotle. The three features of 
symbolic logic are that i 

J 

i 

(1) it uses symbol s ; 

(2) it uses variables ; 

(j) it uses deductive method* 

Now these three fhara|>teristits of symbolic logic are also 

> 

characteristics of any discipline in Mathematics. Ulus the develop— 

~y 

uient of symbolic logic has been tied up with Mathematics and it is 
significant that the pioneers Of the sublet were either mathematician 
or philosophers with a mathematical training and frame of mind* 
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JipeJTt from -the, prone©ring contribution of George Boole, an 
gnjri t pyfa- mathematician^ the other nnntQ that iiiust "be mentioned is 
Bertrand Rnuo^]-i,, m l9l0 in coir dbo rat ion dth UN* ihitehead; 
he published 'tprincipia Mathematical, a monumental work, m which 
symbol 1 C logic is elaborated and made to servo an the foundation 
of whole of hathematioS," 

•Jhiie the reason for stusying symbolic logic m Mathematics 
has been outlines, again the question arise.-, J has it than soTered 
its connection with philosophy anu classical logic? f Ih.o euib 70 r 
is no. It shares with tho seumo -traditional logic the functions 
of providing a method of testing the roliaity of arguments of 
ordinary language and docs al^l the tests of classiciafel logics in 
a precise way. In this respect we can say that symbolic logic is 
c uoveloped farm of classical logic. 

One last question* -toy 1 - /itching circuit theory and Boolean 

_ * M * 

algebra, apparently so diverge a field ox stu< y included in this 
chapter ? Historically, George Bool 0 introduced in his book, "The 
lajs of thought" developed an algebraic system for a systematic 
treatment of logic, called Boolean algebra* But sus#msingly after¬ 
wards Boolean algebra has found two important applications, one 
is that the theory of sets along with ito operations of union, inter¬ 
action and compliment fit in. nicely an an example of a Boolean algebra. 
And then in the second quarter of this century, it ras found that the 
basic properties of switching circuits along ./ith its oerxes and 
parallel networks could be adequately represented by the same algebra. 
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Sbmco that time, Boolean algehra has played a significant role m 
the important anti complicated task, of de^/igaing telephone circuits 
and electronic computers .rhich have entered into our daily life. 

The resource person may motivate the topic hy concluding with 
a modifies. remark made ty gusseli. England oap- he proud of having 

f 

produced two personalities who m turn’ were instrumental to two 
revolutions in the history of mankind. 

One is Isaac Newton he'eaiice of whose there wan the Indus tidal 
revolution in the past centuries an$. the‘ other one is George Boole 
to whose credit gqes the eoritput'er evolutions that the present century 
i& witnessing-, . . 

a resource person may again ask the teachers to* find a fallacy- 
in the following argument and say that the primaiy aim of logic is 
to 1-st whether an argument is valid or not. 

1 . 

Delti* is the fastest runner 

r c 

P*T. Usha is the fastest runner (in Inoia). 

Conclusion 



The fastest runner will he awarded the president’s gold, medal, 
De^r is the fastest runner. 

n 

Therefore De^tr will he awarded the president’s gold medal. 
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2 Mathematical tenns 



Symbolic logic and switch algebra are treated hero as 
particular races of a Boolean algebra, So the attempts should 
"be made to make the symbols and the terms rnoi'e uniform. 


In match algebra, the book uses 1 and O for the values of the 

switching variables and 4 . and. for parallel anu . . connections, 

H\<'/ Lio-C- 

while in symbolic logir J T and F for truth values of a 
proposition and 1 V' and for disjunction and conjunction. 


In order W emphasize to the students that they are practically 
doing the same mathematics, it is desirable that the came symbol be 
used in both the topics. Moreover^ as we shall later see, calculations 
become very handy and a student of mathematics wajfcfc feel at home 
if we resort to the symbols v ... 


1 ,. 0 f + amd • on both the topics* 

Again in order to have a parity with the tnruis of Boolean 
algebra, and that the correct message is reached, the terms connec¬ 
tives, sinpie preposition and compound proposition should be replaced 
by logical constant, propositional variables' and propositional functions 
respectively. In Boolean algebra, we use the terms constant, Boolean 
variable and Boolean funetion, and there is no reason why the students 
are not made familiar with the corresponding terms in symbolic logic. 

In the book truth tables of compound propositions such as con— 

UA 

potion, disjunction etc. are given all right but it should, be high¬ 
lighted that these are the alternative and often convenient way of 
defining a function, 


lastly, tb© dapjaitian of Boolean algebra is. given an a very 
casual manner* 'Ih.ey have flri-.t cited the eoccunplB of the algebra 
of switching cir^it sidelined -the op e rations of addition and uiulti~ 
-olication in. the s aich algebra end. eoaplained the different la. js 
that they satisfy and then said that sueh a set is called a. Boolean 
algebra* 


Bat it is. desired that g-jhij e defining; a Boolean algebra, it 

n 

should be made independent of a^l shackles t as we do in the case 
* 

of "theory of groups, etc, and it should then be shown that the switch 
algebra, the algebra of propositions are all. examipda of a Boolean 
algebra* 

‘ ‘ “ 

V ../■ }' ' 

1 jyLtema tiy e ea sier approac h 


For all p na# tical purposes, there ei-e three mathematical appro 
aches to tackle the all-±irrportant problem of determining the validity 


of an. argument, 

> • '*> 

(i) by tiuth table 

(if) by contradiction 

" ' (iii) straightaway calculating *with the hhlp of different 

■f'-curbu c. 

' ' powerful operational laws -and eheo k i n g if the function 


clown ■ to 


■i — 


r • > - ± L < 11 ‘ s~ , “ 

If so then it is a t^it^lQgy and "the argument is valio .5 other- 

f r i'f > v ; t 

' & . ’ i • 

wise not, fhe method (n) also uoyolues mathematical eaLouiatioa bat 
the method (m) may' initially b© ; - ' Below are the two 

exauipl as- solved imthematically f 


* f U 
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Ex. 1 


P V q 

r^/P 


Here f = 


(p v q_)/\ 

(p + q) p 1 — 




q 


(t>t/ + qp* ) 


OP 


■7> q 


f t JL 
(qp ) + q 


q 4- P 4- q 


= P + 1 

= X 4 




-> q 


(PP ’ 
t*y defn, 

(De Morgan) 


(converting it into mathem¬ 
atical, language) 


O) 


f i 


is a ti^ftdlogy and the p^gjiineat xs vain 


Ex. ',. 


"> ( 1 


* ( (p ”7* q) /A q) 

= ( (p —q) .q ) 


-> p 

p 


(p + q) *q 


'4 




= q + p 

1, 


—P 
(absolution) 
(defn.) 


/ 


t is not a tautology and the argument is not valid. 



Proof py contrail ciioa 


P v ' 3 



This is ©quiv^enTtO 

iit .(I 


1 » V,4 , 


'V' ( 

*"ti 


> 


- (p v q) /\ ( /V q) 

- % 4 q). </ 

- pc/ -r-^> p 

- (p/^ 4 


( P, T * 

P J 

y> p 


->/> 


4 » 

» a* 4 (j 4 * 

- q 4 i - i 

e pL 

c xa a tautology and. "the argument is Valid. 

v 

I§£i4 jKfflaSRto.. to Pe emphas ized 
(a) Proposition 

A proposition ora statement is a Pasio entity around. 

which any dismension of logic revives, •Fropositioni , <true*, 

• false* are undefined terms,and are primitive concepts as is 

tiuo of any formal system like sets in set theory, points and 
Hzu.£&c&t‘< iP'hv'V r . ’ 

lines in ' \ geometry, !Qy -a proposition is understood 

' K »' / i - - 

a sentence which has the property that it is,either true or 
- v . ’ ■" - 4 

falce hut can not Pe doth; it must he„fre© of ambiguity and 

grammatically it is declarative in nature. Since the require¬ 
ment to, be free ambiguity is relative and varies from 
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person, to person* one may 'even question the escistence of 

£tm< c ( 

a proposition. Analogy can be dra^nr frotn ffc*, jiCstfh geometiy 
where a line is supooscu is have elo ^idth^ although, no such 
line can be drawn on a paper oath a, pencil4 So we will come 
across a knotty position, if we vant to make the concept too 
much precise and as such it is better if the reudor is asked 
to be a little tolerant about ±t" a^ll^not ior very ^ '-^p/ ; ith it. 


(b) VaL ij^i ty__ P f^ ■** 

One of the main purposes of a logician is to tent the validity 
of a conclusion . aet of effdnot the truth of it. 

This may apparently to a beginner seem a little surprising. It 
may be thought that as we debate c and. x’eason only in order to 

fc 

\ 1 

arrive at a true conclusion the main instrument of the logician 
should be truth rather than validity. ^ But it should be noted 

I , 

that the guarantee of the truth of a conclusion requires two 

A 

conditions. First, the praises from which wo come to the con- 

i* 

t 

elusion must be true iia secondly the itcdnctxons must be vqlid 
of these two, logic guarantees only the second* le are not 
concerned at all wkth the tiuth or falsity of a proposition 
/hich are not formally deducible from other propositions* 
have to be established by means which lies outside the scope of 
formal logic* These two conditions are totally exclusive and 
there is no int©r*onnectien between these two questions* It is 
qui*,e likely that we can re#teh a true conclusion from one or two 
false premises and still the argument is valid and the duty of a 
logician is to treat only this part of valiuity* 
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Mil 


v i' 

Premises 

1. I&KMi is made of diamont 

r t PM* 

2. Diamnd it* beaufifni. 

«TT«|> I • 

Bje^ore, I^oa is beautiful 


Ex* a 


.. 6 ^ 10 
6, ..is an ,even integer 



•Cf) 


(h 


l Tt 



i even 

t?) 



(T) . 





6* Concqrfeijg, qrr gr/g aps 

• ' W 

In example 5»2| P’193 a jingbl e / n i& given to state the truth 
valued''of a number of cimple statements. One is ; 

(i) ' There are only finite number of rational number* ■ 

it should be clear from the outlet that determination of the 
truth value of a simple proposition is a subject that does not fall 

i „ 

within the,purview ff symbolic logic and indeed it is a matter of 

t 

other 1 disciplinary study. 5o x*e can^very wall take the^truth value & 

r * * t lft 

the statement ''The sun rises'm the iest” as ( r f) (l) and proceed to 

2 

, , ' t f ft j c „ ^ * 

build a consistent logical system* ’ 

' s - m ) 

7. Interesting questions ^ ■ ' • \ ,■ 

or* 

ilhile going through the definition of the matexuaL-'implication 
p -y> q; f one rasy get stuck ; „ # * r *' ' * 


•% 




The first t'/o rows of the above table are intuitively evident 

e~ they arise moot commonly in mathematics and. we u&e it everywhere. 

But why ar« the third end the fourth r&we necessary A satisfactory 

answer to thio question is that a material implication "If p, then 

q" is a confound proposition, that is a proposition function, and m 

order that the funatxon is well dafinad* all the possible combination 

< 

of value^of the (involved^ variabl es^ p end q must be taken into con* 

sideration. In other words the function must be defined for all 

/ 

possible valuea of p and q* 


Incidentally the truth table *f p q shovel that it in 

equivalent to the function + q. So it may'be pertinent very well 
to define p -- -> q as the function p^ + q. Thus the proposition 
p ^ q, does not mean, as the common s a ense goes, that q can be 

logically deduced from p. The proposition only means "not p or q" 
and nothing more should be read from this definition. 

Examples !. 

p i 3 - 6 (F) 

q * The sun rises m the east {l 1 ) 

p -A q is a true proposition. 


1 * 
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. » 


2. p l 
q 1 


2+3 - 6 

Dvo srnii nsoa ill ttwj waat (j 1 ) 





q is again a. txue proposition. 


3. |)a r idb+iiQn~b Matori^ 

(a) Truth nets. for propositions 

In the Book by NfiERT f there is'an article ♦Use of Venn 
diagram in logic 1 * In this article eomo exsu*?L&* taken 
to find out the truth sets some propositions, without 
going mt^ details about it* 


Truth set should he £>f special interest 1*° & student of 
Ilathematics which deal with ^positions that describe properties 
of a given universal set ^ Su$h projiositions arc celled pro- 
positi<ms over U. For exempli if the universal settJ is the 
set of all + V< integers ( then u X is a uiu^tiple 5 " nntl 

n 

y x -* 16 « Q " ns e propositions over U* 


Oeher^ly, if p is a proposition over 0, describing some 

property q£ the element u Ct\i% then p is either true or false, 

' . 

depending 'pn the particular li £-U substituted in the proposition. 

Thus p am duces ^h L U-‘a partition nohsisting -of the subsets T^ and 

T^ . where T insists 1 " of esLl elements u £U for diicn p is tiua 
P P 

/ 

end T « U - T * 

P P 

* " ” it’ S.JI , 

■ j- j - —? *■ ■■ y* 

That is T p » 2 ui u £:U ; p true V 



Fox’ example g the truth. set of " x is a .multiple of 5 rt over th© 


cot of ©11 +ve integer© is 




•{ 


5, 10, 15, 2Qj 25, • <k» >>» 


' „ V' 


2 - •' 

soul tko truth set of ’» x — ir 0 ” over the sot of ©11 


+ve integers if 


' * 


T 


P 




(d) Qhc foliotjing arc the truth sots for different propositions: 

4 


lA 

Tajj^tol ogy 


* ^ 



logical p.c^ f, ) j' t for which j> is true. 
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ft relations in IlathematiQal logic 


(i ) h 

(ll) a h 

(111) a & B 


l a is equivalent to b ) 

( & logically i.opiioc Id ) 
are inconsistent 


( i.e. a. £ to iw a contradiction ) 


In the language of sets these arc : 


(a) A = B 

(u) A ^ B 

(c) a /^) B 




tore a & B arc truth sets of a and h respectively. 

* n 

1A1 fer ent fa r^s of y al l d a r g^i i >en ts 


Modus poneus 



2. haw of syllogism 


p 

C[ 


-> 5 

—> I- 




P - 

q- 

p"? 


r t, ^ **■" .» 

& T' t 


4.- 


p. q 


■I?. ■ 


5. 


6 . 


p + q 

* 

p 


7 . 


p + q 


0* 


p 



The valid argument of the form ( 7 ) is interesting nnci 
deserve attention* 

’> Xf Rcui ir. matching T, V. then Barn is either* matching 
T*V» or playing football is a valicL argument, 

Jt 
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